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Abstract 
The Wielandt subgroup of a finite group is the set of its elements normalising 
every subnormal subgroup, and is known to be non-trivial in a non-trivial finite 
group. Iteration of this concept enables a Wielandt length to be defined for every 
finite group. The finite soluble groups of Wielandt length one are completely 
characterised. 
This thesis is mainly directed at the classification of finite soluble groups 
of Wielandt length two. A characterisation of finite supersoluble groups of or-
der cop rime to six in this class is successfully given here. This generalises the 
characterisation by Onnerod of the nilpotent groups of odd order (Elizabeth 
A. Ormerod, Groups of Wielandt length two) Math. Proc. Camb. Phil. Soc. 110 
(1991) 229-244). 
The Wielandt structure of supersoluble groups , in general , is also investigated 
in this thesis. A relation between the Wielandt length of a supersoluble group and 
different invariants of its Sylow subgroups is established here. It is proved that if 
all Sylow subgroups of G have Wielandt length at 1nost n, then G has Wielandt 
length at 1nost n + 1 where n = l, 2. It is also proved that if G is a supersoluble 
group and n is the maximu1n of the nilpotency classes of the Sylow subgroups of 
G, then G has Wielandt length at most n + 1, for all n. 
Each subnonnal subgroup of a finite soluble group G has Wielandt length at 
1nost the Wielandt length of G. This is not true in general for arbitrary subgroups 
of G. One of the results here concerns the finite soluble groups for which the 
groups, and all their factor groups, have the property that their subgroups have 
Wielandt length bounded by the Wielandt length of their parent group. It is 
proved that the groups of p-length one for all primes p have this property, and a 
result in the converse direction is also proved. 
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Chapter 1 
Introduction 
1.1 Preliminary comments 
This thesis concerns one of the 'natural' characteristic subgroups of a group , the 
so called Wielandt subgroup. This is defined to be the subgroup consisting of 
those elements of a group G which nonnalise each subnormal subgroup of G. It 
is denoted by w( G). An infonnal way of regarding the Wielandt subgroup is that 
it is yet another generalisation of the idea of centre of a group. 
Of course a closer generalisation of centre, in this spirit, vvould be the subgroup 
of elements nonnalising every subgroup, the norm""( G) of Baer [3]. The advantage 
of Wielandt's subgroup over that of Baer, is that it is non-trivial in a much wider 
class of groups: Wielandt [17] showed that if N is a 1nini1nal nonnal subgroup 
of a group G which satisfies the minimal condition on its subnormal subgroups , 
then N is contained in w(G). In particular, w(G) is non-trivial in every finite G. 
The norm, and the centre, on the other hand, may be trivial in a finite group. 
The Wielandt series of a group G is defined by setting w0 ( G) == 1 and, for 
each i > 1, wi(G)/wi-i(G) == w(G/wi-i(G)). For a finite group G, w(G) is non-
trivial and so Wn ( G) == G for so1ne integer n. The smallest such n is called the 
Wielandt length of G. The factors in the Wielandt series are all T-groups , groups 
of Wielandt length one. Much is known about the structure of T-groups (Gaschutz 
[9], Zacher [18], Robinson [14] and Peng [13]). In particular finite soluble T-groups 
are co1npletely characterised: Robinson [14]. For the purpose of this introduction, 
it is sufficient to note that they are metabelian of a very restricted type. The fact 
1 
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that a finite soluble group has an ascending series whose factors are so well under-
stood often enables global, structural infonnation to be inferred. Such results are 
to be found in, for example, Camina [5], Bryce and Cossey [4] for non-nilpotent 
groups, and in Ormerod [11], [12] for nilpotent groups. 
This result of Onnerod [12] characterises the nilpotent groups of odd order 
and Wielandt length two. The present thesis is, in part, an attempt to extend 
this to finite soluble groups of Wielandt length two. The groups we deal with 
throughout are usually finite and soluble. 
Note that the results in chapters 4 and 5 have also appeared in Research 
Reports [1] and [2]. 
1.2 Summary of results 
In this section we outline the main results obtained in the thesis with precise 
references to their place of occurrence later. 
The following result is basic to 1nuch of what follows. 
Theore1n 4.1. 5 Let G = BA where A is a normal nilpotent subgroup of G such 
that (IA I, I BI) = 1. 
If P is the set of those elements x E w( B) such that a M ax zs a power 
automorphism of A) then 
w(G) = Pw(A). 
VVe observe, for example, that if G is a supersoluble group , and p is the largest 
prime dividing IGI, then a Sylow p-subgroup A is nonnal, and if B is a Hall p'-
subgroup of G, then G = BA. Theorem 4.1.5 therefore has i1n1nediate application 
to supersoluble groups. 
For soluble groups in general, several results in the literature use functions of 
Wielandt length to bound invariants such as derived length, Fitting length and 
nilpotency class (for example see Camina [5], Bryce and Cossey [4] and Ormerod 
[11]). 
In chapter four we look at an inverse problem: can we bound Wielandt length 
as a function of numerical invariants of Sylow subgroups? The invariants for 
I 
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the Sylow subgroups we consider are Wielandt length, and nilpotency class. The 
results we obtain are the following: 
Theorem 4 .2.2 Let G be a supersoluble group. If all Sylow subgroups of G have 
Wielandt length at most n) then G has Wielandt length at most n + l ) where 
n = l, 2. 
T heorern 4 .2. 3 If G is a supersoluble group and n is the maximum of the nilpo-
tency classes of the Sylow subgroups of G) then G has Wielandt length at most 
n + l. 
An exa1nple is given in section 3 of chapter 4 which shows that the bound 
given in Theorem 4.2.3 is best possible. We give another exa1nple to prove that 
this bound on the Wielandt length of supersoluble groups is not valid for soluble 
groups in general. 
We know that ho1nomorphic i1nages and subnormal subgroups of a soluble 
group G have Wielandt length at most the Wielandt length of G, but in general 
the Wielandt length of a subgroup of G is not bounded by the Wielandt length of 
G. An example in section 6 of Cossey [7] gives a soluble group having Wielandt 
length two with a subgroup of arbitrarily large Wielandt length. On the other 
hand, in some classes of groups, the Wielandt length of subgroups is bounded by 
the Wielandt length of the group: for exa1nple in the class of T-groups and in the 
class of nilpotent groups. 
Chapter 5 investigates the class K of soluble groups G such that each subgroup 
H of G has Wielandt length at 1nost the Wielandt length of G. We conjecture 
that a group G belongs to Kif and only if all Sylow subgroups of G have Wielandt 
length at 1nost that of G. We denote by V the class of groups G whose Sylow 
subgroups have Wielandt length bounded by that of G. In other words we con-
jecture that V = K. It is easy to see that K C V but the proof of the converse 
see1ns difficult. 
An even stronger condition on a group is the following: 
Suppose that, for each subgroup H of a group G and normal subgroup N of 
G, 
(H N/N) n w(G/N) c w(H N/N). 
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Denote by £ the class of all groups with this property. Note that the classes of 
T-groups and nilpotent groups have this property. It is also easy to see that 
£ C JC. 
However not all G E JC belong to £: for example S4 , the sy1n1netric group on 
four letters , is in JC but does not belong to £. We are able to characterise £ as 
follows: 
Theore1n 5.2.5 £ is the class of groups of p-length one for all primes p. 
This immediately means that the class of supersoluble groups is contained in 
JC, since each supersoluble group G hasp-length one for all pri1nes p. 
In chapter six we give our characterisation of supersoluble groups having 
Wielandt length two: Theore1ns 6.3.5 and 6.3.6. To state it here would require 
the introduction of too much notation at this stage. A funda1nental feature of the 
proof is the following result. 
Theorem 6.1. 7 Let N be the nilpotent residual of a supersoluble group G of odd 
order and Wielandt length two. Then N is complemented in G. 
Chapter 2 
Definitions, notation and basic 
facts 
In this chapter we give definitions, notation and basic facts which are used 
throughout the thesis . This is partly for fixing terminology, partly to provide 
an easy reference to results we need to quote from the literature, and partly for 
setting up notation. As a general rule we follow the notation and tenninology 
used by Doerk and Hawkes in [8]. 
Other references will be to Robinson [14] and Huppert [10]. 
It is i1nportant to note that almost all groups which we will consider in this 
thesis are finite: some standard results we quote, and methods we use, involve 
infinite groups but these will be applied in this thesis only in a finite context. 
The reader should be able to bypass 1nuch of section 1 at a first reading, using 
it as a reference for results quoted in later chapters. 
2 .1 Basic definitions and notation 
Derived subgroup For subgroups H, I{ in a group G we write 
[H, I{]= ([h, k] : h E H, k E I{). 
It is someti1nes convenient to write [ H, nl{] = [ H, [<, . .. , I{J, with a left norming 
v 
convention: 
n 
[ H, n I<] = [ H, ( n - l) I<], I{] . 
5 
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The subgroup of a group G, generated by all commutators [x, y] = x- 1 y- 1 xy 
for x, y E G is called the derived subgroup of G. It is denoted by G'. The derived 
subgroup is fully-invariant and it is easy to see that G' = [ G, G]. 
By repeatedly fonning derived subgroups a descending series of fully-invariant 
subgroups is generated: 
G = G(o) > QU) > G(2) > ... 
where Q(i) = ( Q(i-1) )' for i > 1. This is called the derived series. 
Soluble Groups A group G is said to be soluble if, for some positive integer 
n, G(n) = 1. 
It is well known that a finite group G is soluble if and only if it has a chief series 
whose factors are abelian. By the Jordan-Holder Theorem (3.1.4 of Robinson [14]), 
it follows i111mediately that a finite group G is soluble if and only if every chief 
factor of G is abelian. 
Derived length If G is a soluble group, then the mini111u111 length of a derived 
series in G is called the derived length of G. Thus the groups having derived length 
one are just the abelian groups. A soluble group with derived length at most two 
is said to be metabelian. 
Supersoluble Groups A group G is said to be supersoluble if there exists a 
normal series, that is a series of subgroups nonnal in G, 
1 = Go <] G1 <] ... <] Gn = G 
such that each factor Gi/ Gi-l is cyclic. Equivalently, relying again on the Jordan-
Holder Theorem, we can say that a finite group G is supersoluble if and only if 
each chief factor of G is cyclic. For example all finitely generated nilpotent groups 
are supersoluble. Supersoluble groups are, of course, soluble. 
Nil potency Class Let G be a group. The lower central series of G is defined 
as 
G = ,1(G) > ,2(G) > ... 
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where ii ( G) = [ G, ,i-l ( G)] for i = 2, 3, . . . . All the terms in the lower central 
series are characteristic subgroups of G. If for some k we have ik+l ( G) = 1 then G 
is said to be nilpotent and if k is the smallest such integer for which this happens, 
then k is called the nilpotency class of G. 
The upper central series for G is defined by 
1 = Zo(G) < Z1(G) < Z2(G) < ... 
where Zi ( G) is the characteristic subgroup of G defined by: 
Z 1 ( G) = Z ( G) , 
the centre of G, and 
Zi(G)/Zi-1(G) = Z(G/Zi-1) 
for i = 1, 2, .... It is well known that G is nilpotent of nilpotency class k if and 
only if Zk( G) = G but Zk-1 ( G) # G. 
Fitting Subgroup The subgroup generated by all the norrnal nilpotent sub-
groups of a finite group G is called the Fitting subgroup of G. It is denoted by 
F( G). F( G) is the unique largest normal.nilpotent subgroup of G. If G is a non-
trivial soluble group, F( G) contains every minirnal normal subgroup of G and 
hence is not trivial. 
Theorern 2.1.1 [5.2.9, Robinson [14] ] Let G be a finit e soluble group. Then 
F ( G) is the intersection of the centraliz ers of the chief factors of G. D 
Frattini Subgroup The Frattini subgroup of a finite group G is defined to be 
the intersection of all the 1naxi1nal subgroups of G. It is obviously characteristic. 
It is denoted by <D( G). An element g is called a non-generator if G = (g , X) 
always implies that G = (X), where Xis a subset of G. 
Theorem 2.1.2 [5.2.12, Robinson [14] ] In any group G ) the Frattini subgroup 
is equal to the set of non-generators of G. D 
"i 
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Theore1n 2.1.3 [Theore1n A.9.14, Doerk and Hawkes [8]] Let G be a finite group 
generated by d elements. Then the fallowing statements are true. 
1) IAut(G)I divides IAut(G/<I>(G))ll<I>(G)ld. 
2) If a E Aut(G) and [G, a] C <I>(G)) then the order of a divides l<I>(G)ld/ in 
particular) if ( I a I , I <I> ( G) I ) = 1) then a = l . D 
Here [G, a] is defined to be the subgroup (g- 1gcx : g E G). 
1r-Groups Let 1r be a set of pri1nes. A 1r-number is a positive integer whose 
prime divisors belong to 1r. An element of a group G is called a 1r-element if its 
order is a 1r-number. A group G is said to be 1r-group if every element of G is a 
1r-element. The notation 1r' is used for the set of all primes not in 1r. In particular, 
if p is a prime then p' denotes the primes other than p. 
If G is a finite group, a 1r-subgroup Hof G is called Hall 1r-subgroup of G if 
I G : HI is a 1r'-nu1nber. 
p-Length Let p be a pri1ne. The subgroup generated by all the normal 1r-
subgroups of a group G is denoted by On ( G). It is the unique 1naximal normal 
1r-subgroup of G. 
The upper p-series is generated by repeatedly applying Op, and OP. This is, 
then, the series 
1 = Po <1 No <1 P1 <1 N1 <1 ... <1 Pm <1 Nm <1 ... 
defined by Po = l and, for i > 0, Ni/ Pi = OP, ( G / Pi) and Pi+l / Ni = Op( G / Ni). 
In a finite soluble group G, this series ascends properly at every step until either 
Nr = G or Pr = G, for so1ne r. The number of non-trivial p-factors Pi/ Ni-l in 
this series is called the p-length of G. 
Formations A class of finite groups 7 is said to be a formation if every 
ho1no1norphic i1nage of a 7-group is a 7-group , and if G / ( ]\![ n N) belongs to 7 
whenever G / M and G / N belong to 7. The classes of soluble groups, nilpotent 
groups and supersoluble groups are fonnations. 
A formation 7 is said to be saturated if GE 7 whenever G/<I>(G) E 7. The 
classes of soluble groups, nilpotent groups and supersoluble groups are saturated 
fonnations. 
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If G is a finite group, and 7 a fonnation, the /-residual in G is the intersection 
of all nonnal subgroups N of G for which G / N E 7. The 7-residual is the smallest 
normal subgroup of G whose factor group is in 7. We denote the 7-residual of 
G by G7 . 
Theore1n 2.1.4 [Theorem 4.5.18, Doerk and Hawkes [8] ] Let T be a sai'arated 
formation and A be the T-residual of a finite group G. If A is abelian) then A is 
complemented in G. D 
Regular p-groups A p-group G is regular if for all x, y E G, we have 
xPyP == ( xy )PIT cf 
for some suitable Ci E (x, y)'. 
Theore1n 2.1.5 [Satz 3.10.2 (a), Huppert [10]] Let G be a p-group. If the nilpo-
tency class of G is less than p) then G is regular. D 
Theorem 2.1.6 [Satz 3.10.6 (b), Huppert [10]] Let G be a regular p-group. Then 
k n k+n 
[ xP , yP ] == 1 if and only if [ x, y JP == 1. D 
Quotations 
Now we list some results which we need in proving 1nain results in coming chap-
ters. 
Theore1n 2.1. 7 [A.1.3 , Doerk and Hawkes [8] ] Let H, I{, L be subgroups of a 
group and assume that I{ C L. Then ( H !{) n L == ( H n L) I{. D 
Theoren1 2.1.8 [Razmyslov's Theorem, (ch.4 of Vaughan Lee [16] )] If n is a 
prime power and n > 4) then there exists an insoluble locally finite group of 
exponent n. D 
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Theoren1 2.1.9 [8.1.4, Robinson [14] ] Let M and N be simple modules over a 
ring R. If}\/[ and N are not isomorphic) H omR(M, N) = 0. Also 
HomR(M, M) r-v EndR(M) 
is a division ring. D 
Theore1n 2.1.10 [Proposition A.12.5, Doerk and Hawkes [8] ] If Q is a 1r' -group 
of operators for a 1r-group P) then 
1) P = [P, Q]Cp( Q). 
2) [P, Q] = [[P, Q], nQ] for all n > l. 
3) if P is abelian) then 
p = [P, Q] X Cp(Q). 
D 
Theorem 2.1.11 [Theorem A.11.6, Doerk and Hawkes [8] ] Let A be a finite 
abelian p-group) and let B be a group of operators for A with (IB/CB(A)I, !Al)= 
l. Then A has a direct composition 
A= A1 X ... X As 
into B -admissible subgroups Ai with the fallowing properties for each i = l, ... , s: 
1) Ai is indecomposable as a B-module/ 
2) Ai/ <D (Ai) is an irreducible B-module/ 
3) Ai is homocyclic. D 
Theore1n 2.1.12 [Lemma A.9.10, Doerk and Hawkes [8]] Let H/ !{ be an abelian 
chief factor of a finite group G. Then 
1) H / !{ is either complemented or 
HI!{ C CD (GI I{) ' 
and 
2) if H / !{ is complemented) then each complement is a maximal subgroup of 
G. D 
,1 , 
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Theore1n 2.1.13 [Theore1n A.10.6 (c), Doerk and Hawkes [8] ] Let G be a fi-
nite group. Then F(G/<P(G)) = F(G)/<P(G) and it is the product of the abelian 
minimal normal subgroups of G / <P ( G)) all of which are complemented. D 
Theorem 2.1.14 [Satz 3.9.4, Huppert [10] ] Let G be the free group on the free 
generators x and y. Then there exist elements Ci E ri ( G) with i = 2, 3, ... such 
that) for all m > 0) we have 
xmym = ( xy )mc2 (7;i) ... Cm -1 (m~i) Cm, 
D 
Theore1n 2.1.15 [Theore1n A.9.6 (a), Doerk and Hawkes [8] ] Let G be a finite 
p-group. Then <P( G) = G'f( G) ) where f( G) = (gP Jg E G). D 
Theore1n 2.1.16 [Schenkman [15]] In an arbitrary group G ) we have 
r;, ( G) C Z2 ( G). 
D 
This result of Schenkman will usually be applied when G is a finite nilpotent 
group. In this case it says that 
w( G) C Z2 ( G). 
2.2 Subnormal structure 
As is clear from the title of the thesis, most of the time we will be discussing 
the Wielandt structure or the subnormal structure of supersoluble groups. We 
now give some notes on so1ne frequently used definitions and related facts about 
subnormal structure. 
Subnor1nal Subgroup A subgroup H of a group G is called subnormal in 
G if there exists a chain of subgroups H0 , H1 , ... , Hr of G such that 
H = Ho <l H1 <l H2 <l ... <l Hr-1 <l Hr = G. 
It; 
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This is called a subnormal chain from H to G. If H is subnormal in G, we shall 
write H sn G. The length of the shortest subnormal chain fro1n H to G is called 
the defect of Hin G. 
The Wielandt Subgroup The subgroup consisting of those elements of a 
group G which nonnalise each subnormal subgroup of G is called the Wielandt 
subgroup of G. It is denoted by w( G). 
This subgroup is na1ned after Wielandt who defined it in 1958, in [17]. In the 
same paper he showed that for any group G and any mini1nal nonnal subgroup N 
of G satisfying the 1nini1nal condition on subnormal subgroups, w( G) contains N. 
Thus for a finite group G, w( G) contains the socle of G, the subgroup generated 
by all the minimal normal subgroups of G. We denote the socle of G by O"( G). In 
a finite group G, O"( G) and hence w( G), is non-trivial. We define the ascending 
T¥ielandt series for G as follows. \i\Trite w0 ( G) = 1, and for i > 1, define the 
subgroup wi(G) of G inductively by: wi(G)/wi-i(G) = w(G/wi-1(G)). By the 
re1nark above there is, in a finite group G, a smallest n such that wn( G) = G. 
We call n the Wielandt length of G. The class of groups having Wielandt length 
at most n is denoted by W n. 
The groups for which the Wielandt length is one are called T-groups which 
are of special interest. 
T-Groups A group G is called a T-group if each subnormal subgroup of G 
is nonnal. In other words G is a T-group if and only if w( G) = G. This 1neans 
that a group G is a T-group if and only if it has Wielandt length exactly one. For 
exa1nple the quaternion group of order 8 is a T-group and the smallest finite group 
that is not a T-group is the dihedral group of order 8. The \i\Tielandt subgroup of 
a finite group G is always a T-group. 
Dedekind Groups A group G is called Dedekindian or Dedekind if each 
subgroup of G is normal in G. A nilpotent group is a T-group if and only if 
it is Dedekindian. A non-abelian Dedekindian group is called Hamiltonian. The 
following result characterises all Dedekind groups. 
i 
1111 
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Theorern 2.2.1 [5.3.7, Robinson [14]] All the subgroups of a group Gare normal 
if and only if G is abelian or the direct product of a quarternion group of order 8) 
an elementary abelian 2-group and an abelian group with all its ele1nents of odd 
order. D 
We mentioned in the introduction that a detailed picture of the structure of 
T-groups is given in 13.4.6 of Robinson [14]. Before we state that result, vve define 
power automorphis1ns and give so1ne results regarding them. 
Power Auto1norphisms An automorphism of a group G is said to be power 
automorphism if it 1naps each element x to xn for so1ne positive integer n = n( x ). 
The group of power automorphisms of G is denoted by Paut( G). It is central in 
Aut( G), the group of all auto1norphis1ns of G. For a cyclic group G, of course, we 
have Aut(G) = Paut(G). 
A power automorphis1n is called universal if it 1naps all elements to the same 
power, say n. A universal power auto1norphism is therefore completely determined 
by this integer n. 
Theore1n 2.2.2 [Theore1n 2.2.1, Cooper [6] ] Every power automorphism of a 
group is central. D 
Theore1n 2.2.3 [Theorem 5.3.1, Cooper [6] ] If G is a locally finite group whose 
Sylow subgroups are regular) every power automorphism of G is locally universal. 
0 
Now we give the classification theorem for T-groups alluded to above. We use 
this result often. 
Theore1n 2.2.4 [13.4.4 ,13 .4.6 , Robinson [14] ] 
a) Let A) B be) respectively) abelian of odd order) and Dedekindian) and sup-
pose their orders are coprime. Also let 
e : B -+ Paut(A) 
be a homomorphism with the property that for each prime p dividing IAI) there is 
an element bP of B such that b! acts non-trivially on the p-component of A. 
"1i 
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Then the semi-direct product 
G(A, B, B) 
of A by B under B is a T-group. 
b) Conversely every finite soluble T-group is isomorphic to one of the groups 
G(A, B, B). o 
It is also important to note the following fact about T-groups. 
Theorem 2.2.5 [13.4. 7, Robinson [14] J A s1lbgroup of a finite soluble T-group 
is a T-group. D 
We have found it necessary to use a local version of T-groups. This idea was 
developed and used by Bryce and Cossey in [3]. For each prime p we consider the 
groups for which each p'-perfect subnonnal subgroup is normal. Here a subgroup 
is p'-perfect if it has no non-trivial factor groups of order coprime top. The results 
Bryce and Cossey obtained in [3] are local analogues for those for T-groups; the 
corresponding results for T-groups come as corollaries of their results. 
A number of results are more transparent if fra1ned in terms of the local 
Wielandt subgroup, defined for each prime p as the set of elements in G normalising 
every p'-perfect subnormal subgroup of G. We denote by wP( G) the local Wielandt 
subgroup in a finite group G for the prime p. Here are some results from Bryce 
and Cossey [4] which we use mostly in chapter four and five. In these results G 
is always finite and soluble. 
Theore1n 2.2.6 [Len1ma 3.1, Bryce and Cossey [4] ] If N is a normal subgroup 
of a group G) then for all primes p) 
wP(G)N/N C wP(G/N),w(G)N/N C w(G/N) 
and 
wP(G) n N c wP(N),w(G) n N c w(N). 
D 
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Theorem 2.2. 7 [Lem1na 3.2, Bryce and Cossey [4] ] Let N be a normal subgroup 
of a group G. 
1) If N is a p' -group ) then N C wP( G) and 
wP(G)/N = wP(G/N). 
2) If G / N is a p' -group then 
wP(N) = wP(G) n N. 
In particular Op, ( G) C wP ( G) and 
CJ ( G / 0 p' ( G)) C wP ( G) / 0 p' ( G) . 
3) If G / N is a p' -group) then 
Op(wP(N)) = Op(wP( G) ). 
D 
Theorem 2.2.8 [Theorem 3. 7, Bryce and Cossey [4] ] If G is any group) then 
w ( G) = npwP ( G)' 
the intersection being taken over all primes p. D 
Theorem 2.2.9 [Theore1n 3.8, Bryce and Cossey [4]] 1) If G/N is a p'-group) 
then 
Op(wP(N)) = Op(w( G) ). 
2) For a prime p we have 
w ( G / 0 p' ( G)) = wP ( G) / 0 p' ( G) . 
D 
Theorem 2.2.10 [Lemma 3.10, Bryce and Cossey [4] ] If G is any group) then 
w ( G) IF ( w ( G)) C z (GI F ( w ( G))). 
D 
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2.3 Supersoluble groups 
The aim of this section is to record some results concerning supersoluble groups 
which will be needed in the sequel. Theorem 2.3.6 appears to be new. 
Theorem 2.3.1 [5.4.10, Robinson [14] ] If G is a supersoluble group ) F(G) is 
nilpotent and G / F( G) is a finite abelian group. In particular G' is nilpotent. D 
Theore1n 2.3.2 [5.4.8 , Robinson [14] ] If G is a finite supersoluble group) there 
is a normal series 
1 == Go <l G1 <l ... <l Gn == G 
in which each factor is cyclic of prime order and with non-increasing orders 
I Gi / Gi-1 I from the left. D 
The following are the immediate consequences of Theorem 2.3.2. 
Corollary 2.3.3 If p is the largest prime dividing the order of a finite supersol-
uble group G) then a Sylow p-subgroup of G is normal. D 
Corollary 2.3.4 If A is a normal Sylow subgroup of a supersoluble group G) 
then 
1) A is complemented in G. 
2) If B is a complement for A in G ) then B /CB (A) is abelian. 
Proof 1) Since A is a Sylow subgroup of G, G / A has order coprirne to that 
of A. Hence by the Schur-Zassenhaus Theoren1, A is co1nple1nented in G. 
2) Now B' CG' C F(G) (using Theorem 2.3.1). But as Bis coprime in order 
to A, and B' and A lie in F( G), we have [B', A] == 1 and hence B' C CB(A). 
Thus B/CB(A) is abelian. D 
The next theorem gives necessary and sufficient conditions for a se1nidirect 
product of a nilpotent group by a supersoluble group to be supersoluble. But first 
we prove the following le1nma which we use in the proof. 
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Lemma 2.3.5 Let H be a supersoluble group in which, for some prime q dividing 
IHI, a Hall q'-subgroup of H has exponent dividing q-1. Then a Sylow q-subgroup 
of H is normal in H. 
Proof We use induction on IHI. If IHI = q, there is nothing to prove. So 
suppose that IHI > q and that the result is true in every group satisfying the 
hypothesis and of order less than IHI. 
Let N be a minimal normal subgroup of H. Since H is supersoluble, N is 
cyclic of pri1ne order. First consider the case that IN I = q. If q2 does not divide 
IHI, then N is a Sylow q-subgroup and 
N = Oq(H). 
So suppose that q2 divides I HI. The group H / N satisfies the hypothesis of the 
theorem, so Oq(H/N) is a nonnal Sylow q-subgroup of H/N, by induction. We 
1nay write J{/N = Oq(H/N) where !{ is a nonnal subgroup of H. Note that 
II<I = INIIOq(H/N)I, so!{ is a Sylow subgroup of H. Also!{= Oq(H). 
It remains to consider the case that INI-/- q. Then q divides IH/NI and H/N 
does satisfy the hypothesis of the theorem. By induction, therefore, Oq ( H / N) 
is the unique Sylow q-subgroup of H/N. Again write J{/N = Oq(H/N) so that 
I< <1 H. 
Let L be a Sylow q-subgroup of !{, so that !{ = LN. Note also that L is 
a Sylow q-subgroup of H. By hypothesis, INI divides q - 1, so it follows that 
[ L, N] = 1. Therefore L is a characteristic subgroup of !{ which is then normal 
in H. That is, L = Oq(H) is a Sylow q-subgroup of H. 
This completes the induction, and the proof of the lemma. D 
Theorem 2.3.6 Let G = BA where A is normal in G and An B = 1 with 
A nilpotent and B supersoluble. Then G is supersoluble if and only if for every 
prime q dividing I A I, Bq, /CB , ( Aq) is abelian of exponent dividing q - 1, where 
q 
Bq, is a Hall q'-subgroup of B. 
Proof Let Aq be a Sylow q-subgroup of A. Since Aq is characteristic in A, it 
is nonnal in G. Hence <I>(Aq) is similarly normal in G. We therefore have a series 
1 = Go <1 G1 <1 ... <1 Gk = Aq, (2.1) 
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part of a chief series of G. We define, for each i E {l, 2, ... , k }, a homomorphism 
'lpi : B ---+ Aut( Gi/ Gi-l) as follows. 
For each b E B we 1nay check that the function Xb : gGi-l --+ gbGi-l is well 
defined, and that it is an automorphism of Gi / Gi-l · Then we may check that 
'l/Ji(b) = Xb, 
for b E B defines a ho1no1norphism, as claimed. Let us denote 
ke, 'l/Ji = Ci 
for 1 < i < k. We also write C = n7 1 Ci. Note that CBq, (Aq) C Ci for all 
1 < i < k. So CBq'(Aq) CC. Also, by Theorem 2.1.10 (2), 
[Aq, C n Bq,] = 1. 
Therefore C n Bq, = CB ,(Aq). 
q 
Choose an arbitrary i E {1,2, ... ,k}. We observe that V = Gi/Gi-l may be 
regarded as a vector space over the field G F( q) of q elements, say of dimension 
d. It follows that 
Aut(Gi/Gi-1) rv GL(V) rv GLd(q), 
the general linear group of degreed over GF(q). Hence Bq,/Ci n Bq, rv 'l/Ji (Bq,) is 
isomorphic to a subgroup of GLd(q). 
Now suppose that G is supersoluble and so each Gi/Gi-l is cyclic whence 
d = 1. So GLd(q) is iso1norphic to the n1ultiplicative group of GF(q). In this case, 
therefore , Bq, / Ci n Bq, is iso1norphic to a subgroup of the 1nultiplicative group of 
G F( q) vvhich is cyclic of order q -1. Hence Bq, / Ci n Bq, is cyclic of order dividing 
q - 1. 
Since Bq, n C = n7=1 Ci n Bq,, it follows that Bq,C /C rv Bq, / Bq, n C is isomor-
phic to a subdirect product of the groups Bq, / Ci n Bq,. Therefore Bq, / CB , (Aq) = 
q 
Bq, / C n Bq, is abelian of exponent dividing q - l, as required. 
Conversely, suppose that Bq, /CB, (Aq) is abelian of exponent dividing q - 1. 
q 
\Ne claim that d = l. To this end consider the group B /Ci. This is isomorphic to 
a subgroup X of GLd(q). Note that Xis irreducible since Gi/Gi-l is a chief factor 
of G. However this means that Oq(X) = 1 (by B.3.12 of Doerk and Hawkes [8]). 
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On the other hand B/Ci is supersoluble. Now Bq,Ci/Ci rv Bq,/Ci n Bq, is a Hall 
q'-subgroup of B/Ci, and has exponent dividing q - l. It follows from Le111n1a 
2.3.5 that a Sylow q-subgroup of B/Ci is normal in B/Ci. But 1 = Oq(X) rv 
Oq(B /Ci), therefore q does not divide JB /CiJ, so X rv B /Ci = Bq,Ci/Ci is abelian 
of exponent dividing q - l. 
Now we may regard V = Gi/Gi-l as a module for X over GF(q) and as such 
it is si111ple since Gi/Gi-l is a chief factor of G. Let F = Endx(V). By Theorem 
2.1.9, Fis a finite division ring. Using Wedderburn's Theorem (B.3.17 of Doerk 
and Hawkes [8]), F is a field and therefore F rv G F( qr) for so111e r > 0. 
Since X is abelian, X C F. Therefore V is simple as an F-111odule. It follows 
that F rv Vas GF(q)X-111odule and so r = d. However all elements x EX satisfy 
xq-l = 1, and the only elements of F with this property lie in GF(q). But Fas 
G F( q)-111odule, is a direct sum of d one dimensional submodules and therefore 
V, as X-111odule, could be irreducible only if d = l. 
This shows that if Bq, / Bq, n C is abelian of exponent dividing q - l, then 
d = l. Hence Gi / Gi-l is cyclic for all 1 < i < k. Since this holds for all pri111es q 
dividing JAJ we can extend (2.1) to a chief series 1 = Go <l G1 <l G2 <l ... <l Gt= A 
of A whose factors are all cyclic. But since B is supersoluble, B has a chief series 
1 = Bo <1 B1 <l B2 <l ... <l Bj = B such that Bi/ Bi-l (1 < i < j) are all cyclic. 
Novv 
1 = Go <l G1 <l G2 <l ... <l Gt = A <1 B1 A <1 B2A <l ... <l BA = G 
is a chief series of G whose factors are all cyclic. Hence G is supersoluble. D 
Chapter 3 
Groups of Wielandt length two: 
p-groups 
In her article [12] Ormerod gave a characterisation of p-groups of Wielandt length 
two in the case that p is an odd prime. This result, which we state below, can 
be seen as n1otivated by Dedekind's characterisation of groups in which every 
subgroup is normal: see Theorem 2.2.1. The idea was to describe the W 2-groups 
in terms of groups obviously in W 2 , namely groups of nil potency class two, and 
a s1nall number of 'sporadic' exceptions. 
For the application we make in chapter six it will be necessary to fill in some 
detail in Onnerod's theorem [12] and for this purpose we have found it useful to 
complete so1ne of the detail she omitted in [12]. Our account will be directed to 
the application we 1nake in chapter six, where the groups will have order copri1ne 
to six: the 3-groups in Onnerod's work will therefore be omitted here. 
This chapter is therefore an account of p-groups of \i\Tielandt length two, where 
p is a pri1ne greater than three, based on Onnerod and adding detail to it. 
3.1 A W 2-group of nilpotency class three 
We begin the construction of one of Ormerod 's ' sporadic ' groups. Let p > 3 be a 
prime, and , a positive integer. Consider the cyclic groups A = (aJa Pr = 1) and 
X = (xJxP2r = 1) of orders pr and p2r respectively. Define an automorphis1n of 
X · as follows : B : x f---1- x 1 _Pr. As an element of the automorphis1n group of X, 
this has order pr. This is because ( 1 - pr )Pr l mod p2r. So J BI di vi des pr; and 
20 
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on the other hand, ( 1 - pr )P s l - pr+s "¢. 1 1nod p2r for s < r. Hence there 
is a homo1norphis1n a : A --+ Aut(X) defined by acx : x r---t x 1_Pr. Fonn the 
semi-direct product Ho of X by A under a . We see that H0 has the following 
presentation: 
r 2r r 
Ho== (a,x: aP == xP == l, [a,x] == xP ). 
Since [a, x, a] == [xPr, a] == [x, a]Pr == l, we see that Ho has nilpotency class two, 
so is regular by Theore1n 2 .1. 5. Also I HO I == p3r. 
Next let Y == (y!yPr == 1) and B == (blbPr == 1) be cyclic groups of order pr. 
Note that H0 x B has the presentation 
r 2r r r 
( a , x , b : a P == x P == bP == l , [ a , x] == x P , [ a , b] == [ x , b] == 1 ) . 
\Ne ai1n to define a ho1no1norphism /3 : Y --+ Ho x B with the following properties: 
y/3: x r---t xa,a r---t ab,b r---t b. 
To ensure the existence of /3 we need only show that xa, ab and b satisfy the 
defining relations displayed for H0 x B, and use Van Dyck's Theorem: 
and so 
(xa)Pr == Xpr aPr[a, x)Pr(pr-1)/2 == Xpr 
2r 
(xa)P == l; 
( ab )Pr == a Pr bPr == l; 
r 
bP == l; 
[ab,xa] == [ab,a][ab,xt == [b,a][a,x] == xPr == (xa)Pr; 
[ab,b] == 1; [xa,b] == l. 
Write H1 for the semi-direct product of H0 by Y under /3. Then H1 has a 
presentation 
r r 2r 2r 
H1 == (a b x y · aP == bP == xP == yP == l ' ' ' . ' 
[a, x] == xPr, [x, y] == a, [a, y] == b, [a, b] == [x, b] == [y, b] == 1). 
. i~: 
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Note that [x, y, y] = [a, y] = b, and bis central, so 
[x, yPr] = [x, y]Pr[x, Y, y]Pr(pr-1)/2 = aPrbPr(pr-1)/2 = l. 
Also [a, yPr] = [a, y]Pr = bPr = l. 
It follows that yPr is central. Since it is of order pr we 1nay pass fro1n H1 to 
its factor group 1nodulo (y_Pr b). We then have a group H presented as 
r r 2r 2r 
I a b X y aP = bP = xP = yP = l 
\ ' ' ' ' 
[a, x ] = xPr, [x, y] = a, [a, y] = b, [a, b] = [x, b] = [y, b] = 1, yPr = b). 
A pp lying several Tietze transfonnations we see that H has the presentation 
H = (x, y: [x, Y, x ] = xPr' [x, Y, y] = yPr' xP
2
r = yP
2
r = [x, y)Pr = 1). (3.1) 
Note that, by its construction, IHI = p5r. This group H is the one Ormerod [12] 
denotes H (p, r). This is because H and H (p, r) have the same order and Van 
Dyck 's Theore1n provides a hon1on1orphism fro1n H(p, r) onto H. 
Definition 3.1.1 Let H(p , r) denote the group H given by 3.1. 
The properties of H(p, r) we need are su1nmed up in the following theore1n. 
Theorem 3.1.2 H = H(p, r) is a group of order p5r and nilpotency class three) 
with the following properties: 
1) H is regular/ 
2) H/H' A.I Cpr X Cpr/ 
3) w(H) = H' = Z 2 (H)) a subgroup of exponent pr/ 
4) the exponent of H/,3 (H) is pr. 
Proof Note that (1) follows from Theorem 2.1.5, while H' has exponent pr as 
a consequence of our construction of H. Since Cpr x Cpr has a pair of generators 
satisfying the relations 3.1, there is a homo1norphism from H onto Cpr x C'pr. On 
the other hand, from 3.1, we see that H / H' is a two generator abelian group of 
exponent dividing pr, so the kernel can be no larger than H' . 
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To show that w(H) = H' we first show that H' C w(H). Each h E H may be 
written as h = xmynd where m, n are non-negative integers, and d E H'. Then, 
using Theorem 2.1.14, 
[x, Y, h] = [x, Y, x]m[x, Y, Yt = xmpr ynpr = (xmynd)Pr = hPr . 
Therefore [x, y] E w(H). However H' = ([x, y]),3 (H), and , 3 (H) C Z(H) which 
shows that H' C w( H). To prove the converse suppose that there exists h E w( H) 
such that h (j_ H'. We 1nay suppose, without loss of generality, that h = xmyn 
where pr does not divide n. Also 
[h, x] = [yn, x] = [y, x]n[y, x, y]n(n-l)/ 2 E (x) n H' = (xPr) C r3(H) . 
But this requires [y , x ]n E , 3 ( H) which is possible only if pr In, a contradiction. 
Hence w( H) = H', as required. 
To calculate Z2 ( H), we see that H' C Z2 ( H) since the class of H is three. 
If there is an element h E Z2 ( H) such that h (j_ H', then we 1nay assume that 
h = xmyn where either pr does not divide rri or pr does not divide n, say the 
latter. Then 1 = [yn,x,x] = [y,x,x]n whence pr In, a contradiction. Therefore (3) 
is proved. 
To prove ( 4) note that the exponent of H / , 3 ( H) is, by ( 1), at least pr. On 
the other hand it follows fro1n the presentation (3.1) and Theore1n 2.1.14, that 
all pr -th powers are in , 3 ( H). Hence the exponent of H / , 3 ( H) is precisely pr. D 
We note in passing that, because of (3), H(p, r) E W 2 . In fact H(p, r) is one 
of the 'sporadic' groups of which \ive spoke in the introduction to this chapter : 
the other is a 3-group and is not relevant to us here. 
3.2 Characterising p-groups in W 2 
Let us begin this section with a proof of the following result. 
Theorem 3.2.1 A nilpotent group of Wielandt length two has nilpotency class 
at most three. 
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Proof Since a nilpotent group is the direct product of its Sylow subgroups, 
it is enough to show that a p-group A E W 2 has nilpotency class at most three. 
When p > 3, this is easy: A/w(A) is a nilpotent T-group and therefore abelian 
by Dedekind's Theorem (Theorem 2.2.1) , so A' C w(A). Also w(A) C Z2 (A) by 
Theore1n 2.1.16. Hence A has nilpotency class at most three. 
\t\Then p = 2, the proof is not so direct. By Baer [3], if w(A) is Hamiltonian, 
then w(A) = A has nilpotency class two. Hence we may suppose that w(A) is 
abelian. 
If A/w(A) is abelian, then 
A' C w(A) C Z2 (A) 
(by Theore1n 2.1.16) and there is nothing more to prove. Therefore suppose that 
A/w(A) is Ha1niltonian. Let H be defined by H/w(A) = (A/w(A))'. Then 
IH/w(A)J = 2, 
and all squares in A/w(A) lie in H/w(A). Also A/w(A) is generated by elements 
of order 4, say 
A= w(A)(u1, u2, ... , Ur) 
where u; E H but u; (j_ w(A) for all l < i < r. 
Hence H = w(A)(u;) for 1 < i < r. So 
[H, ui] = [w(A), ui] C Z(A) 
for 1 < i < r . Also [ H, w(A)] C Z(A) and so it follows that [ H, A] C Z(A). 
Therefore 
A' C H C Z2 (A). 
Thus A has nilpotency class at 1nost three. D 
Note that groups of nilpotency class at most two are all in W 2 . The inclusion 
of the case p = 2 here is for completeness: from now on our groups will 1nainly 
involve only odd pri1nes. 
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Definition 3.2.2 For a p-group A) e(A) is defined by: pe(A) is the exponent of 
A/,3(A). 
The next result, a precise statement of the result of Ormerod [12] mentioned 
in the introduction, will be needed again in chapter six. To formulate it we need 
the concept of second nilpotent product of groups. 
Nilpotent Products Let F be the free product of two groups A and B, let k 
be any natural number and let rk(F) be the k-th term of the lower central series 
of F. The k-th nilpotent product of A and B is the factor group F / ( rk ( F) n [ A, B]) 
and is denoted by A * Nk B. 
Yfve also define Ln(Pr) to be the free group1 of rank n in the variety of all 
groups of nil potency class at most two and exponent dividing pr. 
Definition 3.2.3 The group 
Gn(Pr) = H(p,r) *N2 Ln(Pr) 
for n > l) r > l is the second nilpotent product of the group H(p, r) constructed 
in section 3.1 and Ln (pr). 
Theore1n 3.2.4 [Theore1n A, Onnerod [12]] Let p > 3 be a prime. For all n > l) 
r > l J G n (pr) E W 2 . 
Conversely) if G E W 2 is a p-group) if e( G) = r) and if G can be generated 
by n + 2 elements) then G is a homomorphic image of Gn (pr). 
Proof That every group Gn(Pr) lies in W 2 is proved by Onnerod: see Theore1n 
4.5 of [12]. 
Conversely suppose that G E W 2 • By Theore1n 3.2.1 G has nilpotency class 
at most 3. We 111.ay as well suppose that G has nilpotency class three exactly, 
1The definition of relatively free groups and their basic properties can be found in section 
2.3 of Robinson [14] 
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since otherwise the claim is iminediate: G would have nilpotency class at most 
two and exponent pr, so it would certainly be a homoinorphic image of Ln(Pr) 
and therefore of Gn(Pr). Ormerod proves that G has, for soine integer n > 0, 
generators xi, x2, X3, ... , Xn, Xn+i, Xn+ 2 such that, for some t > l, 
[xi, x2, xi] = xf, [xi, x2, x2] = xf, [xi, x2, xk] = xf = 1, k = 3, ... , n + 2 (3.2) 
and [xk, Xj] E Z( G) whenever at least one of j and k belong in {3, ... , n + 2}. 
It follows from these relations that, for all i, j, [xi, Xj]Pt = l so G' has exponent 
di vi ding pt. 
From the proof of Theorem 4.5 of Onnerod [12], we can choose the generators 
Xi in such a way that (xi) n (x2) = 1. 
For 3 < j < n + 2, Xi E Z2 ( G). Since G has nil potency class three, at least 
one of Xi and x2, therefore, does not belong to w(G), by Theorem 2.1.16. Since 
G/,3(G) is a regular group, generated by the elements Xi13 (G) (1 < i < n + 2) 
all of vvhich have order dividing pt, therefore G / 13 ( G) has exponent dividing pt. 
Since G has nilpotency class three, at least one of [xi, x2, xi] and [xi, x2, x2] 
is non-trivial. Now if [xi,x2,xi] -/-1, we claiin that xi,3(G) has order exactly pt. 
Suppose, if possible, that xi,3(G) has order ps for s < t. This means that xf 
belongs to 13 ( G). Therefore there exist integers mi and m 2 such that 
s t t 
P [ ]m1 [ Jm2 m1p mzp 
Xi = Xi,X2,Xi Xi,X2,X2 = Xi X2 
This iinplies that 
xr-mipt = x;2 Pt E (xi) n (x2) = 1. 
t 
Since Xi = [xi, x2, x iJ, we have the order of xi greater than pt and therefore we 
can say that pt+i divides ps - mipt which is not possible for s < t. Thus t is the 
t 
least positive integer such that Xi E 13(G). Similarly if [xi, x2, x 2] # 1, we can 
t 
show that t is the least positive integer such that x~ E 13 ( G). This means that 
G/,3(G) has exponent pt. This shows that t = r = e(G) and hence from (3.2), 
vve have that 
pr r 
1 = [xi ,x2] = [xi,x2JP, 
p2r r r . . 
by Theoren1 2.1.6. Therefore Xi = [xi, x2, xi]P = [[xi, x 2]P , xi] = 1, and s1m1-
2r 
larly x~ = l. 
ij 
,111 
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It follows that x1, x 2 satisfy the defining relations satisfied by the generators 
x, y of H(p, r ). Moreover (x3 , ... , Xn+ 2 ) is a group of nil potency class at most two 
and exponent dividing pr; and finally [xi, Xj, xkJ = 1 whenever one of i,j, k is 1 
or 2 and one is > 3. Therefore there is a homomorphis1n fro1n Gn(Pr) onto G. D 
3.3 Some properties of p-groups in W 2 
In this short section we investigate connections between two nu1nerical invariants 
of p-groups in W 2 . These will be used later in chapter 6. 
For convenience we write G = Gn(Pr), H = H(p,r) and L = Ln(Pr) in what 
follows, p, n and , being understood, and of course e( H) = r. 
Lemma 3.3.1 Z2(G) = Z2(H)L[L, HJ. 
Proof By definition of second nilpotent product, we have G 
Also Z2(H)L[L, HJ C Z2 (G); and Z2(G) n H C Z2(H). Therefore 
H L[L, HJ. 
Z2(H)L[L, HJ C Z2( G) C L[L, HJ(Z2( G) n H) C L[L, HJZ2(H) 
\i\Thich gives the result clai1ned. D 
Lenuna 3.3.2 e(G) = e(H). 
Proof This is because every commutator of weight three in G is a power 
of one of the forms [h1,h2,h3],[h1,l1,h2J,[h1,l1,l2J or [l1,l2,l3], where hi EH, 
li E L(l < i < 3). Here we use the Jacobi identity which holds in a metabelian 
group. However , all but the first of these are necessarily trivial in G. Hence 
13(G) = 13(H). It follows that G/,3(G) rv H/,3(H) *N2 L. Both factors on the 
right have exponent dividing p e(H) and H/,3 (H) has exactly this exponent, so, 
by regularity, G/,3(G) has the exponent exactly p e(H). That is e(G) = e(H), as 
required. D 
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Lem1na 3.3.3 Let A be a p-g,oup) with p > 3) and Wielandt length two. Then 
Z2 (A) has exponent dividing pe(A). 
Proof If A has nilpotency class at 1nost two, there is nothing to prove. So 
suppose that A has nilpotency class three, and that it can be generated by n + 2 
ele1nents. Then, for so1ne N <1 G = Gn (pe(A)), G / N rv A. 
Suppose that g E G and gN E Z2(G/N). Since Z 2 (G)N/N C Z 2 (G/N) and 
since Z2(G) has exponent pe(A) by Theorem 3.1.2(3) and Lem1na 3.3.1, we may 
suppose that g ~ Z2 ( G) and therefore that g E H but g ~ H', since G is regular. 
Moreover we may suppose that g = xmyn for so1ne integers m, n. Then for 
r = e(A): 
mpr - [ ] m - [ ] N x - x,y,x - g,y,x E 
and 
npr _ [ ]n _ [ ]-n _ [ ]-1 j-r-.T y - x,y,y - y,x,y - g,x,y E 'Y . 
Fro1n this we see, using Theoren1 2.1.14, that gPr = ( xmyn )Pr = xmpr ynpr E N. 
Hence Z2(A) has exponent dividing pr = pe(A). D 
Le1n1na 3.3.4 Let p > 3 be a p,ime) and let G1 be a g,oup of Wielandt length 
two and nilpotency class th,ee. Also let G2 be a p-g,oup of nilpotency class at 
1nost two. Then vV = G1 *N2 G2 E W2 if and only if the exponent of G2 divides 
pe(G1). 
Proof First suppose that G2 has exponent dividing pr where , = e( G1 ). Also 
suppose that G2 is generated by 1n ele1nents. By Theorem 3.2.4, for so1ne positive 
integer n, there is an onto homo1norphism e : Gn(Pr) ----+ G1 . It follows that e 
n1ay be extended to an onto ho1no1norphism Gm+n(Pr) -+ G1 *N2 G2, so vV E W2 
by Theorern 3.2.4, as required. 
Conversely suppose that vV E W 2. Then, by Lem1na 3.3.3, Z2 (vV) has expo-
nent dividing pe(W). However, by Le1nma 3.3.1, the exponent of G2 then divides 
pe(W) which is equal to pe(Gi) by Lem1na 3.3.2. D 
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Corollary 3.3.5 With the same conditions on G 1 ) G2 as in Lemma 3.3.4 let 
N C [ G1 , G2 ] be a normal subgroup of vV . Then W/ JV E W 2 if and only if the 
exponent of G2 divides p e(Gi) . 
Proof If the exponent of G2 divides pe(Gi) then W E W 2 by Lem1na 3.3.4 and 
therefore vV / N E W 2. 
Conversely suppose that W / JV E W 2 . Then 
G2 r-v G2N/J\T C Z2(vV)N/N C Z2(vV/N) 
and so the exponent of G2 divides pe(W/N) by Lem1na 3.3.3 . Therefore 
(W/JV) /,3(vV/ N) r-v vV/,3(W)N r-v (W/,3(W) )/ ( 13(vV)N/,3(vV)) 
so e(W/ JV) < e(W) == e( Gi) . Therefore the exponent of G2 divides pe(Gi), as 
required . D 
Chapter 4 
Wielandt length of ~ 
supersoluble group 
In this chapter we develop a technique for calculating the Wielandt length of 
a semidirect of two groups of coprime order. Every supersoluble group has this 
structure: if G is a supersoluble group and p is the largest prime dividing I GI, 
then a Sylow p-subgroup is nonnal. Therefore if 7r is a set of pri1nes for which 
the Sylow p-subgroups of a supersoluble group G are normal, and A is the Hall 
rr-subgroup of G and Bis a Hall rr'-subgroup of G, then G = BA and we are able 
to calculate the Wielandt subgroup and the Wielandt length of G. 
We use this technique in section 1 to prove, among other things, that if a 
Sylow p-subgroup of a supersoluble group G has Wielandt length n > l, then a 
Sylow p-subgroup of G/w(G) has Wielandt length at most n - 1. 
In section 2 we establish a relation between the Wielandt length of a super-
soluble group and various invariants of its Sylow subgroups. We prove that if all 
Sylow subgroups of G have Wielandt length at most n, then G has Wielandt 
length at 111.ost n + 1 where n = 1, 2. A general result seems to require more infor-
1nation on the "\i\lielandt structure of nilpotent groups than is presently available. 
However we manage to prove that if G is a supersoluble group and n is the maxi-
111un1. of the nilpotency classes of the Sylow subgroups of G, then G has Wielandt 
length at most n + l, for all n. 
An example is given in section 3 which shows that the bound given in section 
2 is best possible. In section 2 we give an example to prove that this bound on the 
Wielandt length of supersoluble groups is not valid for soluble groups in general. 
30 
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4.1 The Wielandt subgroup 
We begin with a theorem which proves very useful in calculating the Wielandt 
subgroup of the semidirect product of two groups of copri1ne order. To prove this 
theore1n we need the following three le1n1nas. 
Lenuna 4 .1.1 Let G = BA be a semidirect product of subgroups A) B of coprime 
order) with A normal in G. Then for each subgroup H of G) there exists g E G 
such that 
Hg = (Hg n B)(Hg n A). 
Proof We have 
HA/ArvH/HnA. 
Since (IH n Al, IH/ H n Al) = 1, H has a subgroup C iso1norphic to H/ H n A 
so that H = C(H n A), using the Schur-Zassenhaus theore1n. Also, by Theorem 
2.1. 7, 
HA= (HA n B)A, 
and 
HA n B rv HA/Arv H/(H n A) rv C. 
It follows that HA n B and C are both Hall subgroups of HA for the sa1ne set of 
pri1nes, and hence are conjugate in HA. Therefore, for so1ne g E HA , Cg C B. 
Also 
Hg = Cg(Hg n A). 
Now again, by Theoren1 2.1.7 , we have 
Hg n B = Cg(Hg n A) n B = cg 
and thus 
Hg = (Hg n B)(Hg n A). 
D 
1: 
Ii., 
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Corollary 4 .1. 2 Let G = BA be a semidirect product of subgroups A ) B of 
co prime order) with A normal in G. Then) for each subnormal subgroup S of G) 
s = (Sn B)(S n A). 
Proof We use induction on the defect s of Sin G. 
First suppose that s = l. This means Sis normal in G and therefore by using 
Lemma 4.1 .1, for some g E G, 
s = sg = (Sg n B)(Sg n A) =(Sn B)(S n A) , 
as required. 
If the defect of S in G is s > l, suppose the result is already proved for 
subnormal subgroups of defect less than s. Since S is subnormal, it is contained 
in a normal subgroup So of G and has defect s - l in S0 . By the case we have 
already done, 
So = (Son B)(So n A). 
Hence So satisfies the hypothesis of the theorem. Therefore, by induction, 
S = (Sn Son B)(S n Son A) = (Sn A)(S n B), 
as required. This completes the induction. D 
Lern rna 4 .1 .3 Let G = BA be a semidirect product of subgroups A and B with 
A normal in G. Then 
w(G) n BC w(B). 
P roof If S is any subnonnal subgroup of B , then SA is subnonnal in G. 
Therefore for each x E w(G) n B, (SA) x = SA which i1nplies that s xA = SA. 
Now for alls E S there is some s 1 E S so that sx E s 1A and so s11 sx E An B = l 
so that sx = s 1 E S , and this for all x E w( G) n B. Hence we get that 
w(G) n BC w(B). 
D 
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Lenuna 4.1.4 Let G = BA be a semidirect product of subgroups A ) B of coprime 
order) with A normal in G. Then 
w(G) n A= w(A). 
Proof First of all we claim that w(A) Cw( G). To prove this , let n denote the 
class of groups G where G = BA with A, B subgroups of coprin1e order and A 
normal. Now suppose that for some G E n, if possible, Sis a subnormal subgroup 
of G so that w(A) CZ Na(S). Let r be the subclass of n of those G which contain 
such an S with ISi as small as possible. Now assume that G is a minimal member 
of r. 
We clai1n that G = Sw(A). To prove this, suppose that, if possible, Sw(A) i- G 
and put G* = Sw(A) a subnormal subgroup of G. By Corollary 4.1.2 we can write 
G* =(Sn B)(S n A)w(A) = B* A* 
where B* = Sn B and A* = (Sn A)w(A). It is easy to see that A* = G* n A is 
nonnal in G* with A* and B* copri1ne in order, so that G* belongs to n. Every 
subnonnal subgroup of A* is subnonnal in A. Therefore 
w(A) C w(A*); 
and 
w (A*) C w ( G*) , 
by the minimality of G. Therefore S is not normalised by w(A*). But we know 
that ISi is as small as possible and thus G* belongs to r. But then G* i- G 
contradicts the minimality of G, so w(A*) , and hence w(A), is contained in Na(S), 
a contradiction. This proves our claim that G = G* = Sw(A). 
Let N be a non-trivial normal subgroup of S. Of course N is subnormal in G. 
If Ni- S, then N is norn1.alised by w(A) by 1ninimality of S, so N is normal in G 
and hence S / N is subnormal in G / N, a group in n. Again, by minimality of S, 
w(A)N/N C w(AN/N) C Na;N(S/JV) 
vvhich implies that w(A) C Na(S), a contradiction to our supposition that w(A) 
does not normalise S. Hence N = S. This implies that Sis simple. Hence 
w(A) n S = l. 
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Now since Sis subnormal in G, there exists some positive integer n such that 
[w(A), nS] = Sn w(A) = l. 
However S </:. A or else S sn A and so w(A) C Na(S), a contradiction. Therefore 
there is a prin1e q dividing ISi which does not divide jAj. Let Q be a Sylow 
q-subgroup of S. Then 
[w(A), nQ] = l. 
Since (IQI, jw(A)I) = 1, it follows from Lem1na 2.1.10 (2), that [w(A), Q] = 1. This 
means 1 -I Cs(w(A))<J S. But Sis si1nple, so Cs(w(A)) = S, contradicting the fact 
that w(A) does not nonnalise S. Hence the class r is empty and we have proved 
that, for all groups G satisfying the hypothesis of the lemma, w(A) C w(G). 
Thus w(A) Cw( G) nA. But since A is normal in G, every subnormal subgroup 
of A is subnormal in G, so w(G) n AC w(A). Thus w(G) n A= w(A), completing 
the proof of the lemma. D 
Now we use all these results to prove the following theore1n. 
Theore1n 4.1. 5 Let G = BA be a semidirect product of subgroilps A) B of co-
prime order with A nilpotent and normal. Also suppose that G is soluble . If P 
is the set of those elements of w( B) which act by conjugation as power automor-
phisms on A) then 
w(G) = Pw(A). 
Proof Suppose that G satisfies the hypothesis of the theorem so that G = BA, 
(IBI, IAI) = 1, and A is nonnal and nilpotent in G. Using Corollary 4.1.2 and 
Le1nmas 4.1.3 and 4.1.4, we get 
w(G) = (w(G) n B)w(A) c w(B)w(A). 
Since A is normal and nilpotent, its subgroups are subnormal in A and hence 
subnormal in G. Therefore w( G) n B normalises all subgroups of A and so we 
have w(G) n BC P. 
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We clain1 that 
PC w(G) n B. 
By definition P C B and we only need to show that P Cw( G). 
To prove this, let S be an arbitrary subnormal subgroup of G. By Corollary 
4.1.2, we have 
s = (Sn B)(S n A). 
Since Sn Bis subnormal in B, it is normalised by P. It follows from the definition 
of P that P normalises S n A and hence S. This proves our clai1n that 
PC w(G) n B. 
Thus 
w(G) = Pw(A), 
as required. D 
By Corollary 2.3.3 we see that if A is the subgroup generated by all nonnal 
Sylow subgroups of a supersoluble group G, then A is non-trivial and comple-
mented. 
The following is an immediate corollary of Theorem 4.1.5 and gives the infor-
1nation we \vill need about the Wielandt subgroup of a supersoluble group. 
Corollary 4.1.6 Let 1r be the set of all primes for which the Sylow p-subgroups 
of a supersoluble group G are normal. Let A be the Hall Jr-subgroup and B a Hall 
1r'-subgroup of G) so that A is normal in G and G = BA. 
If P is the set of those elements of w( B) which act by conjugation as power 
automorphisms on A ) then 
w(G) = Pw(A). 
D 
Now we prove a result which gives information about the Sylow p-subgroups 
of the Wielandt subgroup of a supersoluble group. 
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Le1nrna 4.1. 7 If A is a Sylow p-subgroup of a supersoluble group G1 then 
w(A) n F( G) = Op(w( G)). 
Proof Let Q = Op,(G). Then, 
(w(A) n F(G))Q/Q C w(A)Q/Q. 
Now since G/Q is supersoluble, it has a nonnal Sylow subgroup which is a 
p-group, because F(G/Q) is a p-group by Theorem 2.3.2. Thus AQ/Q, being a 
Sy low p-su bgroup of G / Q, is nonnal. Also w (A) Q / Q C w ( AQ / Q). Again since 
AQ/Q is a nonnal Hall subgroup of G/Q, by Le1n1na 4.1.4 we have w(AQ/Q) C 
w ( G / Q) and so 
(w(A) n F(G))Q/Q c w(G/Q). 
Now by Theoren1 2.2.9, the local Wielandt subgroup of G/Q is given by 
w( G / Q) = wP( G) / Q and therefore we get 
(w(A) n F(G))Q/Q c wP(G)/Q 
and so 
w(A) n F( G) c wP( G). 
Since w(A) n F( G) is a subnonnal p-subgroup of G, 
w(A) n F(G) c Oq,(G) 
for all primes q # p. But by Theorem 2. 2. 7, we have O q' ( G) C wq ( G). Therefore, 
using Theore1n 2. 2. 8, v.;e get 
w(A) n F(G) C nrwr(G) = w(G) 
where the intersection is over all primes r. It follows that, since w(A) n F(G) is 
a p-group and subnormal, 
w (A) n F ( G) c OP ( w ( G)). 
In the opposite direction we claim that Op(w(G)) C w(A). To prove this claim 
suppose that S is a subnormal subgroup of A. Then SQ is subnormal in G. 
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Therefore for x E Op(w(G)) CA, we have (SQ)x =SQ.This implies sxQ = SQ. 
Arguing as in Lemma 4.1.3, we get sx =Sand therefore Op(w(G)) C w(A). Now 
Op( w( G)) is a nilpotent characteristic subgroup of w( G) therefore normal in G 
and so it is contained in F(G). Thus we have Op(w(G)) C w(A) n F(G). This 
means, therefore, that w(A) n F(G) = Op(w(G)) as required. D 
The following is an easy corollary of the above le1nma. 
Corollary 4.1.8 Let G be a supersoluble group and suppose a Sylow p-subgroup 
of G has nilpotency class n > 1. Then a Sylow p-subgroup of G / w ( G) has nilpo-
tency class at 1nost n - l. 
Proof Let A be a Sylow p-subgroup of G. Since A has nilpotency class n, 
,n(A) C Z(A) C w(A). Also ,n(A) C A' C G' C F(G) by Theore1n 2.3.1, and 
since n > 1. This means ,n(A) C F(G) n w(A). But then, by Lemma 4.1.7, 
,n(A) Cw(G). 
Since Aw(G)/w(G) is a Sylow p-subgroup of G/w(G) and 
,n(Aw(G)/w(G)) = ,n(A)w(G)/w(G) = 1, 
Aw( G) /w( G) has nilpotency class at most n - 1. D 
4.2 More on supersoluble groups 
In this section our aim is to relate the Wielandt length of a supersoluble group 
,vith other invariants and particularly ·with invariants of its Sylow subgroups. It 
would be very nice if we could find a relation between the Wielandt length of 
a supersoluble group and the Wielandt length of its Sylow subgroups. We have 
been able to do so when the Wielandt length of Sylow subgroups is at most two, 
but a general result seems difficult. We can, however, bound the Wielandt length 
in terms of the nilpotency classes of the Sylow subgroups. We begin with the 
following le1nma. 
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Lernma 4.2.1 Let G be a supersoluble group. If all Sylow p-subgroups of G are 
abelian except for p == 2) and if the Sylow 2-subgroups have class at most two) 
then G has Wielandt length at most two. 
Proof We begin by supposing that, for so1ne prime p dividing IGI, Op,( G) == 1. 
In this case Op( G) is a nonnal Sylow p-subgroup of G, by Theorem 2.3.2. 
Consider the case p # 2. Then, by hypothesis, Op( G) is abelian and so, by 
Le1nma 4.1.4, we have Op(G) C w(G). Moreover Op(G) == F(G) and using Theo-
rein 2.3.1, G/Op(G) is abelian. It follows that G/w(G) is abelian and w2 (G) == G. 
That is G has Wielandt length at most two. 
Now consider the case when p == 2. In this case Op( G) == G using Theorem 
2.3.2 and so G has nil potency class at most two. But Z( G) C w( G) and hence 
G / w( G) is again abelian. Thus, under the assumption Op, ( G) == 1, G has Wielandt 
length at most two. 
Now consider the general case and, for some pri1ne p dividing I GI, put H == 
G/Op,(G). Note that Op,(H) == 1. Using Theorems 2.2.7 and 2.2.9, the local 
Wielandt subgroup of H is given as follows: 
wP(H) == wP(G/Op,(G)) == wP(G)/Op,(G) == w(G/Op,(G)) == w(H). 
Fro1n the above case H/w(H) is abelian and so is H/wP(H). Now 
H/wP(H) == (G/Op,(G))/(wP(G/Op,(G)) == (G/Op,(G))/(wP(G)/Op,(G)) 
which is iso1norphic to G/wP(G). Thus G/wP(G) is abelian. This implies that 
G' C wP(G) for allp dividing jGj. Hence G' C nPwP(G) and so, by Theorem 2.2.8, 
G' C w(G) and thus G/w(G) is abelian. This shows G has Wielandt length at 
1nost two. D 
Using this lem1na we prove the following theore1n. 
Theorern 4.2.2 Let G be a supersoluble group. If all Sylow subgroups of G have 
Wielandt length at most n) then G has Wielandt length at most n + l) where 
n == 1,2. 
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Proof First suppose that all Sylow p-subgroups of G have Wielandt length 
one. This 1neans that each of them is either abelian or Hamiltonian. More precisely 
all Sylow p-subgroups of Gare abelian except the Sylow 2-subgroups which could 
be Hamiltonian and hence have class at most two. This n1eans, by Lemma 4.2.1, 
that G has Wielandt length at most two. 
Now consider the case vvhen all Sylow p-subgroups of G have "\i\Tielandt length 
at 1nost two . Let A be a Sylow p-subgroup of G. By Lemma 3.2.1 , A has nilpotency 
class at most three. Thus all Sylow p-subgroups of G have nilpotency class at 1nost 
three. This implies , from Corollary 4.1 .8, that the nilpotency class of each of the 
Sylow p-subgroups of G /w( G) is at 1nost two. 
Let A be any non-abelian Sylow p-subgroup of G. Then A has Wielandt length 
at 1nost two. If p =/ 2, then A/w(A) is abelian. Also, since G is supersoluble, 
G' C F( G) by Theorem 2.3.1, and so 
A' C w(A) n G' C w(A) n F(G). 
But, by Le1n1na 4.1.7, w(A) n F(G) == Op(w(G)), and therefore 
A' c Op(w(G)) C w(G). 
This means that Aw(G)/w(G) rv A/(A n w(G)) is abelian and thus we can say 
that all Sylow p-subgroups of G /w( G) are abelian except possibly for the Sylow 
2-subgroups, and we proved above that their nilpotency class is at most two. 
Thus using Le1nma 4.2.1 again, we conclude that G/w(G) has Wielandt length 
two, and hence G has Wielandt length at most three. D 
To find similar result for groups whose Sylow subgroups have greater "\i\Tielandt 
length seems difficult because 1nore information is required about the Wielandt 
structure of nilpotent groups. 
We show next that the Wielandt length of a supersoluble group is bounded 
by the nilpotency class of its Sylow subgroups. In the next section we give an 
example to show this bound is best possible. 
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Theorern 4.2.3 If G is a supersoluble group and n is the maximum of the nilpo-
tency classes of the Sylow subgroups of G) then G E Wn+l · 
Proof We prove this by induction on n. The case n == 1 follows immediately 
fron1 Len11na 4.2.1. 
Suppose the theore1n holds for n == k > 1 so that if all Sylow subgroups of G 
have nilpotency class at 1nost k, then G E Wk+l · 
Consider the case when n == k + 1, that is, when all Sylow subgroups of G 
have nilpotency class at 1nost k + 1. By Corollary 4.1.8, this i1nplies that all 
Sylow subgroups of G /w( G) have nil potency class at 1nost k. By our supposition 
G/w(G) E Wk+l or, in other words, Wk+i(G/w(G)) == G/w(G). But by definition 
wk+i(G/w(G)) == Wk+2(G)/w(G). Therefore Wk+ 2(G) == G. Thus we conclude that 
G E W k+ 2 . This 1neans that the theoren1 holds for n == k + 1 and therefore, by 
induction, for all n . D 
Note that supersolubility of G is necessary for this result. The follovving ex-
an1ple shows that in general no such bound is possible. Let P1 , P2, p3, . .. , Pi, . .. 
be infinitely 1nany distinct pri1nes and Ci be a cyclic group of order Pi for i > 1. 
Define G1 == C1 and, once Gn-l is defined, put 
Gn == Cn wrGn-1. 
It is obvious that Gn has all its Sylow subgroups abelian and that G1 has 
Wielandt length one. We prove by induction on n that Gn has Wielandt length 
n . Suppose that n > 2 and that Gn-l has Wielandt length n - 1. Now consider 
Gn == CnwrGn-1 == Gn-1B, where Bis the base group of Gn. By Theorem 4.1.5, 
w(Gn) == Pw(B) where Pis the set of those ele1nents of w(Gn-i) which act as 
power automorphisms on B. But no non-trivial element of Gn-l acts as a po\i'\rer 
automorphism on B. So P == 1 and w(Gn) == w(B) == B, as Bis abelian. This 
implies Gn/w( Gn) rv Gn-l which, by our supposition, has Wielandt length n - 1. 
Therefore, by induction, Gn has Wielandt length n. 
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4.3 An example 
In this section we give an example to show that the bound in Theore1n 4.2.3 is 
best possible. But first we need the following important Le1nma. 
Lem1na 4.3.1 a) For each positive integer n and each prime p > 5) there is a 
relatively free group A of exponent p and nilpotency class exactly n. 
b) For the group A in (a)) we have 
A'= Zn-i (A). 
P roof a) By Theorem 2.1.8, there exists an insoluble, locally finite group G 
of exponent p . Let F be the free group of countable rank in the variety generated 
by G. Then F is locally finite, insoluble and therefore non-nilpotent . Let X be a 
free generating set of F . It follows that there is a subset {xi,x2, ... ,xm} of X of 
cardinality m > n, such that 
Fa= (xi, X2, ... , Xm) 
has nilpotency class at least n. Were this not so, F would be nilpotent. Of course 
Fa is finite, and relatively free on {xi, x 2 , .. . , xm}. Write 
A= Fa/,n+i (Fa) 
and 
Yi = Xi1n+i ( Fa) 
for 1 < i < rn, so that A is relatively free on {Yi, Y2, .. . , Ym}, of exponent p, and 
of nilpotency class n exactly. 
b) Of course A' C Zn-i (A). If A' -/= Zn-i (A) choose Zi E Zn-i (A) such 
that zi (}. A' . Then, by Burnside's Basis Theorem, there is a generating set 
{ zi, z2 , .. . , zm} of A. Moreover this is a free generating set, because there is 
an endomorphis1n cp of A determined by 
</> : Yi f---t Zi 
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for 1 < i < rn. This is onto and therefore one-to-one as A is finite. - -
Now let a1, a2, ... , an be arbitrary elements of A. Then there is an endomor-
phism VJ of A such that 
VJ ( Zi) = ai, VJ ( Z j) = 1 
for 1 < i < n and n + l < j < m. Hence, since z1 E Zn-l (A), 
1 = VJ(l) = VJ([z1, z2, ... , Zn]) = [a1 , a2, ... , an], 
Therefore, since every si1nple com1nutator in weight n in A is trivial, A has 
nilpotency class at most n - l, a contradiction. Hence A'= Zn-l (A), as required. 
D 
Exa1nple 4.3.2 Let x be the 1napping defined on A of Le1n1na 4.3.1 by x(y1) = 
(y1)-1 and x(Yi) = Yi for i = 2, 3, ... , m. Since y1, y2 , . .. , Ym are free generators of 
A, x can be extended to an automorphism of A. Clearly x does not act as a power 
automorphis1n on A/ A'. Put B = (x) and G = BA for the se1nidirect product. 
Obviously G is supersoluble and it follows i1nmediately fro1n the following le1nma 
that G has Wielandt length n + l. 
Lemma 4.3.3 Let A be a p-group of exponent p and nilpotency class n with p 
an odd prime and b be an automorphism of A with JbJ = 2 such that b does not 
act as a power automorphism on A/ A'. Also suppose that A' = Zn-l (A). 
Put B = (b) and G = BA) the semidirect product. Then G has TiVi elandt 
length n + l. 
Proof Since G is supersoluble we have by Corollary 4.1.6, that w( G) = Pw(A) 
where P is the set of those ele1nents in B which act as a power auto1norphism on 
A. But by the definition of b, we have P = l. Also since A is a p-group of exponent 
p, every ele1nent of w(A) centralises every ele1nent of A. Hence w(A) = Z(A) and 
thus w( G) = Z(A). 
We prove by induction on n that G has Wielandt length n + l. For n = l, 
we have Z(A) = A and so w(G) =A.So G/w(G) rv Band thus G has Wielandt 
length two. 
I~! 
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Suppose that A has nilpotency class n > l and , if A has nilpotency class n-1 , 
that G has Wielandt length n. Then G/w(G) rv BA/Z(A). Here we know that 
A/ Z (A) has nil potency class n - l and exponent p. Also b does not act as a power 
auto1norphism on (A/Z(A))/(A/Z(A))' rv A/A' since Z(A) CA' by hypothesis. 
Therefore G /w( G) has Wielandt length n and thus G has Wielandt length n + l. 
D 
""! 
Chapter 5 
On the Wielandt length of 
subgroups 
5.1 Introduction 
We know that all ho1no1norphic i1nages and subnonnal subgroups of a finite group 
G have Wielandt length at 1nost the Wielandt length of G. However , in general, 
the Wielandt length of a subgroup of G is not bounded by the \i\Tielandt length 
of G. This is illustrated by the following example given in Section 6 of Cossey [7]. 
Let G be the se1nidirect product of 
2n 2n ] ) N=(a,bla =b =l,[a , b =l, 
the direct product of two cyclic groups of order 2n, by 
H = (x , ylx2 = y3 = 1, yx = y-1), 
the sym1netric group on three elements, in such a way that 
ax = b,bx = a,aY = b, bY = a-lb- 1 . 
Observe that u = ab- 1 is inverted by x and so the group ( u, x) is dihedral of 
order 2n+1 . The dihedral group of order 2n+l has Wielandt length n because the 
Wielandt series coincides with the upper central series. Hence a Sylow 2-subgroup 
of G has Wielandt length at least n. On the other hand G itself has Wielandt 
length two: G has a unique chief series 
2n-l 2n-2 
1 <1 N <1 N <1 ... <1 N <1 N(y) <1 G. 
44 
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Hence every proper subnonnal subgroup S of G is in N(y). By Theorem 4.1.5 
NC w(N(y)) and hence NC Na(S). Therefore NC w(G). Since G/N rv His a 
T-group, GE W2. 
In this chapter we investigate the class K of finite soluble groups G such that 
each subgroup H of G has Wielandt length at 1nost the Wielandt length of G. 
We conjecture that a group G belongs to K if and only if all Sylow subgroups of 
G have \N"ielandt length at 1nost that of G. We denote by V the class of groups G 
whose Sylow subgroups have \N"ielandt length at most that of G. In other words 
we conjecture that V = K. It is easy to see that K C V but the proof of the 
converse seems difficult. 
Let £ be the class of soluble groups G which satisfy the condition that, for 
each subgroup H and each normal subgroup N of G, 
(HN/N) n w(G/N) c w(HN/N). (5.1) 
This inclusion is, of course, always true whenever His subnonnal in G. The main 
result of this chapter is that £ is precisely the class of groups whose p-length is 
one for all primes p: see Theorem 5.2.5 below. 
5.2 Characterising £-groups 
\N"e begin with the following result. 
Theorem 5.2.1 £CK. D 
The proof is an immediate consequence of the following two lemmas. 
Lenuna 5.2.2 The class £ is closed under taking homomorphic images. 
Proof Let G be a group such that G E £ and lv[ be a nonnal subgroup of G. 
We show that G / ll!J E £. 
Let J{/ll!J be a subgroup of G/ll!J and N/ll!J be a normal subgroup of G/M. 
\N"e 1nust show that 
(I</ll!J)(N/ll!J)/(N/M) n w((G/ll!J)/(N/ll!J)) C w((I</ll!J)(N/ll!J)/(N/M)) (5.2) 
/1. 
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which is to say 
( I< N / M) / ( N / !vl) n w ( ( G / M) / ( N / M)) c w ( ( I< NI 1\1) I (NI J\;J)). 
Under the natural isomorphism ( G / M) / ( N / J\;J) rv G / N, the last inclusion is 
equivalent to 
I<N/Nnw(G/N) Cw(I<N/N). 
Since this is true because G E £, 5.2 is proved. Hence £ is quotient closed. D 
The next le1n1na gives a sufficient condition for a subgroup H of a soluble 
group G to have Wielandt length bounded by the Wielandt length of G. 
Lernn1a 5.2.3 If G E £ has Wielandt length n and if H is a subgroup of G ) then 
H has Wielandt length at most n. 
Proof We prove this by induction on n . When n = l, G is a T-group. Then, 
by Theore1n 2.2.5, every subgroup of G is also a T-group, so of Wielandt length 
one. 
Suppose inductively that if G E £ has Wielandt length k > 1 and H is a 
subgroup of G then H has Wielandt length at 1nost k. Now suppose that G E £ 
is a group with Wielandt length k + l and that H is a subgroup of G. G /w( G) 
has Wielandt length k and, by Lemma 5.2.2, is in£. It follows, by induction, that 
Hw(G)/w(G) rv H/ H n w(G) 
has "\t\Tieland t length at most k. Now 
Hnw(G) Cw(H), 
which can be seen by putting N = l in (5.1). Hence H/w(H) is a quotient of 
H/ Hnw(G) and so H/w(H) has Wielandt length at 1nost k. Thus H has "\t\Tielandt 
length at 1nost k + 1. This co1npletes the induction, and the proof of the lem1na. 
D 
The following example shows that not all groups belong to £ 
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Example 5.2.4 84 , the symmetric group on four letters, is not in £. Let H be 
a Sylow 2-subgroup of 84 . Then His dihedral of order 8, so lw(H)I = 2. However 
w(84) rv C2 x C2, so lw(84 ) n HI = 4, contradicting (5.1) even with N = l. 
However we are able to prove that if R denotes the class of groups having p-
length one for all pri1nes p, then R = £. In other words we give a characterisation 
of the class of groups G satisfying (5.1) for all subgroups H: it is just the class of 
groups of p-length one for all pri1nes p. 
Theorem 5.2.5 £ = R. 
Proof First we prove R C £. Suppose, to the contrary, that R CZ £ and let 
G E R\£ be of least possible order. Then, for so1ne subgroup H of G and some 
normal subgroup N of G, 
(H N/ N) n w( G/ N) CZ w(H N/ N). 
Now G/ N E R and this non-inclusion shows that G/ N ~ £. Hence, by the 
minimality of G, N = l. 
Let us suppose that, for so1ne pri1ne p dividing I GI, OP, ( G) = 1. Then, since 
G E R, G = BA, where A = Op(G) is a Sylow p-subgroup of G, and Bis a 
complement for A in G. By Lem1na 4.1.1, for a suitable choice of B, 
H = (H n B)(H n A). 
Note that H n A= Op(H) is a Sylow p-subgroup of H. Now by Theore1n 4.1.5, 
w(G) = Pw(A) 
where P = w( G) n B is the set of those elements of w( B) which act by conjugation 
as power automorphis1ns on A. Also since H n w( G) <1 H, we have from Corollary 
4.1.2 that 
H n w(G) = [(H n w(G)) n (H n B)][(H n w(G)) n (H n A)] 
and so 
Hnw(G) = (HnP)(Hnw(A)), (5.3) 
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also using Lemma 4.1.4. Let S be an arbitrary subnormal subgroup of H. Then, 
by Corollary 4.1.2, we have 
s ==(Sn (H n B))(S n (H n A)== (Sn B)(S n A). (5.4) 
We show that H n P normalises S. Since B E Rand IBI < !GI, B E £. 
Therefore 
H n p C (H n B) n w(B) C w(H n B) 
and so H n P normalises S n B. Since H n P C P, H n P normalises S n A and 
therefore S. 
Now we show that H n w(A) nonnalises S. Note that 
H n w(A) == (H n A) n w(A) c w(H n A), 
since A is nilpotent, and therefore 
H n w(A) C w(H) 
by Le1nma 4.1.4. Hence, using (5.3), H n w(A) normalises S. We have shown, 
therefore, that H n w( G) normalises every subnormal subgroup of H, so 
H n w(G) c w(H). 
This is a contradiction to our choice of G and H. Hence OP, ( G) -/- 1 for all primes 
p. For some pri1ne p dividing !GI , write N == Op,(G). Using Theorems 2.2.7 and 
2.2.9, we see that 
wP(G/N) == wP(G)/N == w(G/N). 
Hence since IG/NI < !GI, 
H N/N n wP(G/N) C w(H N/N) 
and therefore, fro1n Theorems 2.2. 7 and 2.2.8, 
H N / N n wP ( G) / N C wP ( H N / N). 
Fro1n this we conclude, from Theorem 2.1. 7, that 
[H n wP( G)]N / N C wP(H N / N). 
,iii 
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Via the natural ho1no1norphis1n H N / N --t H / H n N we deduce that 
(H n wP(G))/ H n N c wP(H/ H n N) = wP(H)/ H n JV, 
from Theorem 2.2. 7. It follows that 
H n wP(G) C wP(H). 
Since this is true for all primes p dividing IGI we 1nay use Theorem 2.2.8 to show 
that 
H n w(G) C w(H). 
This contradiction finally shows that our initial assumption was wrong. Hence 
RC£ as clai1ned. 
Conversely, we prove indirectly that £ C R, supposing that £ CZ R and 
deriving a contradiction. So suppose that G E £ and that IGI is s1nallest for 
those G not in R. By Lemma 5.2.2 G/Op,(G) E £ for all pri1nes p dividing 
the order of G. Now, by the 1ninimality of G, if for some pri1ne p dividing IGI, 
OP, ( G) -/- 1, then G / Op, ( G) is contained in R. This means G / Op, ( G) has a normal 
Sylow p-subgroup. Thus G hasp-length one. Therefore Op,( G) = 1 for so1ne prime 
p and, since Op(G) -/- 1 and G/Op(G) E £ is of order less than IGI, G/Op(G), 
and therefore G, has q-length one for all primes q-/- p. Note that F( G) = Op( G) 
and that G has p-length < 2. 
By the 1ninimality of G, if <I>(G)-/- 1 we have G/<I>(G) ER and since R is 
a saturated formation, we have G E R. This contradicts our supposition and so 
<I>( G) = 1. 
Now by Theorem 2.1.13, we see that F( G) is the product of all minimal nonnal 
subgroups of G. If M and N are two different minimal nonnal subgroups of G, 
then by the 1ninimality of G, we have G / M and G / N belong to R. But since R 
is a formation , G E R, a contradiction. Hence G has only one minimal normal 
subgroup ]11[ and therefore 
JYI = F(G) = Op(G). 
By Theore1n 2.1.12, ]11[ is co1nple1nented by a 1naximal subgroup S of G so that 
G=Sl11!. 
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Let I{ be a Sylow p-subgroup of S. Since G E £, we have 
I{ 1\1 n w( G) c w(I< M). 
But 
M c I{ M n w ( G), 
and therefore 1\1 C w(I{ 1\1). Since I{ M is nilpotent, I{ is subnonnal in I{ 1\1. 
Hence 
[ M, !{] C 1\1 n !{ = 1 
and therefore I{ C C5 (1\1). If I{ -/- 1, then Cs(M) is a non-trivial normal sub-
group of G such that Cs(M) n M = 1. This is not possible because 1\1 is the only 
n1inimal normal subgroup of G and so I{ = 1. Therefore 
S rv G/M = G/Op(G) 
is a p'-group and so G hasp-length one, a contradiction. Thus G E R. Therefore 
£CR and thus 
£==R. 
D 
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Chapter 6 
Supersoluble groups in W2 
In this chapter we give a characterisation of supersoluble groups of Wielandt 
length two and of order copri1ne to six which generalises that for the nilpotent 
groups given by Onnerod [12] . Our classification is similar to the one for T-groups 
given in Theore1n 2.2.4. 
In the first section we prove some basic results for supersoluble groups of 
odd order and Wielandt length two. All these results are based on the property 
of supersoluble groups given in Le1nma 2.3.3. In section one vve prove that the 
nilpotent residual of a supersoluble group G of odd order and Wielandt length 
two is co1nple1nented in G. 
In later sections we give our characterisation of supersoluble groups of Wielandt 
length two and order coprime to six. To do this we define the idea of a generalised 
1natched extension of nilpotent groups. We prove that every generalised 1natched 
extension of nilpotent groups whose orders are coprime to six is a supersoluble 
group in W2 , and that each supersoluble group in W2 whose order is copri1ne to 
six has an expression as a generalised matched extension . 
6.1 Some basic results 
The main result of this section is Theore1n 6.1. 7 which says that in a supersoluble 
group of odd order and Wielandt length two, the nilpotent residual is con1ple-
n1ented . We begin with the following le1n1na which gives useful information about 
the nilpotent residual of a supersoluble group . 
51 
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Lem1na 6.1.1 Let A be a normal Sylow p-subgroup of a non-nilpotent supersol-
uble group G and B be a Hall p'-subgroup of G so that G == BA. 
If N is the nilpotent residual of G and H is the nilpotent residual of B ) then 
N == H[B, A]. 
Proof By Le1nn1a 4.1.1, we have 
N == (N n B)(N n A). 
We clai1n that 
H == N n B. 
Now 
B/N n B rv BN/N c G/N 
and is therefore nilpotent. This 1neans 
H C Nn B. 
Again 
G/HA ==BA/HA== BHA/HA rv B/B n HA 
and by Theore1n 2.1. 7 we have 
En HA== H. 
Therefore G /HA is nilpotent and so 
NCHA. 
Now 
N == N n HA == ( N n H) (JV n A)' 
by Le1nn1a 4.1.1, and so 
NnB==NnH 
again using Theore1n 2.1. 7. Hence 
N == H(N n A), 
- - --
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as required. 
Now as B centralises A/[B, A], we have 
G/[B, A] = (B[B, A]/[B, A]) x (A/[B, A]). 
It follows that 
H[B, A]/[B, A] <J G/[B, A], 
and so 
H[B, A] <J G. 
Then 
G/(H[B, A])= (B[B, A]/ H[B, A]) x (AH/(H[B, A])). 
Here 
B[B, A]/ H[B, A]= BH[B, A]/ H[B, A] rv B / B n (H[B, A]) 
which, using Theore1n 2.1. 7, is equal to 
B/(H(B n [B,A])) = B/H. 
Therefore G/ H[B, A] is nilpotent. This means 
NCH[B,A]. 
and so 
N = N n (H[B, A])= H(N n [B, A]), 
by Theore1n 2.1.7. But then 
N n A= N n [B, A] C [B , A]. 
Since N is the nilpotent residual of G, there exists an integer n such that 
rn( G) = N. But, by Theorem 2.1.10 (2), vve know that 
[B , A]= [B , A,jB]. 
for all j > l. Therefore 
[B ,A] C rn(G) = N 
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and hence 
[B,A]cNnA. 
Thus we have 
NnA=[B,A], 
as required. D 
The next lemma is true for all finite soluble groups G E W 2 , which can be 
written as a semidirect product. 
Lemrna 6.1.2 Let G = BA be a soluble semidirect product of subgroups A) B 
of coprime order) where A <l G. If GE W 2 ; then every element of B induces by 
conjugation on A/w(A)) a universal power automorphism. 
Proof We know frorn Theorern 4.1.5 that 
w(G) = Pw(A) 
where P = B n w( G) acts as a group of power auto1norphisms on A and w(A) = 
w(G) n A. Also G/w(G) is a T-group. It follows from Theorem 2.2.4 that, for 
all b E B, bw(G) acts by conjugation on Aw(G)/w(G) rv A/w(A) as a power 
auto1norphism which, by Theorem 2.2.3, is universal. Now 
[P, A] c An w(G) = w(A), 
so 
P = B n w(G) C CB(A/w(A)). 
Therefore every b E B acts as a universal power automorphism on A/w(A). D 
The following lem1na is very useful. It tells us that if a Hall p'-subgroup of a 
supersoluble group G of odd order and Wielandt length two acts non-trivially on 
a nonnal Sylow p-subgroup A of G, then A has nilpotency class at 1nost two. 
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Lernma 6 .1.3 Let A be a normal Sylow p-subgroup of a non-nilpotent supersol-
uble group G of odd order and Wielandt length two. Let B be a Hall p' -subgroup 
of G) so that G = BA. If B acts non-trivially on A/w(A)) then A has nilpotency 
class at most two. 
P roof Since G is a supersoluble group of odd order and B acts non-trivially 
on A, A can not be a 3-group. Since A is normal, A E W 2 • Therefore A/w(A) is 
abelian and, by Theore1n 3.2.1, A has nilpotency class at most three. 
Let us suppose, contrary to the claim of the lemma that A has nilpotency 
class exactly three. It follows from Theorem 3.2.4 that A has elements a1, a2 for 
which 
pr 
[ a1, a2 , a1] = a1 
where r = e(A). Now suppose b E B induces a non-trivial auto1norphism by 
conjugation on A/w(A). Then, by Lem1na 6.1.2, there exists an integer m which 
is not divisible by p, for which at = a7I'c and at = a:J:d where c, d E w(A) C Z2(A), 
by Theorem 2.1.16 . Then, using the regularity of A and Le1n1nas 3.2.1 and 3.3.3: 
[a1, a2, a1)m
3 
= [a;:'1c, a;d, a;:'1c] = [a1, a2, a3) 6 = (a()6 = 
(a;:'1c)Pr = (a;:'1)Pr cPr[c, a;:'1]-pr(pr-l)/2 = (a()m = [a1, a2, a1]m. 
It follows that rn3 - m O 1nod p. Hence 1n 2 1 mod p as m ¢ 0 mod p. 
This 1neans that b2 E CB((A/w(A)/(<I>(A/w(A))) whence b2 E CB(A/w(A)) by 
Theorem 2.1.3. Therefore b E CB(A/w(A)) because JBJ is odd. This contradicts 
our choice of b. We conclude therefore, that A has nilpotency class at most two, 
as claimed. D 
Lem 1na 6.1 .4 Let A be a normal Sylow p-subgroup of a non-nilpotent supersol-
uble group G of odd order and Wielandt length two. Let B be a complement of A 
in G so that G = BA. Then either [B, A] C w(A) or CA(B) C w(A). 
P roof It follows from Le1nma 6.1.2 that B acts as a group of universal power 
auto1norphis1n on A/w(A). Therefore either [b, A] C w(A) for all b E B or, for 
some b EB, CA/w(A)(b) = 1. Therefore either [B, A] C w(A) or CA(B) C w(A). D 
CHAPTER 6. SUPERSOLUBLE GROUPS IN W 2 56 
Le1nma 6.1.5 Let H = BI{ be a semidi,ect p,oduct of subg,oups B, I{ of co-
p,ime order) with I{ a normal p-subgroup in H. Let I{ have nilpotency class 
exactly two. If B acts as a group of universal power automo,phisms on I{/ w( I{) 
and [B, I{] = I{ ) then 
CK(B) = 1. 
Proof By Le1n1na 2.1.11, I{/ I{' has a direct decomposition 
J{j J{' = Ai/ J{' X ... X As/ J{' 
into B-ad1nissible subgroups Ai/!{' with the following properties for each i 
1, ... ,s: 
1) Ai/ I{' is indecomposable as a B-module; 
2) (Ai/ !{')/<!?(Ai/ !{') is an irreducible B-module. 
Since G is supersoluble therefore, (Ai/ !{')/<!?(Ai/ !{') is cyclic of pri1ne order. 
Hence Ai/ I{' is cyclic by Theore1n 2.1.2. Therefore Ai/ I{' = (yil{'), for 1 < i < s, 
( b) 
is cyclic of prime power order. Let b E B. Then we 1nay write yf = y";i Ci for 
some Ci E I{' and so1ne integers m?), for 1 < i < s. Note that 1n?) ¢. 0 mod p, 
for 1 < i < s. Since I{' C <I? (I{), it follows that 
I{= (Yi, Y2, · · ·, Ys), 
by Theorem 2.1.2. Also note that for each i there is at least one b E B such that 
m?) ¢. 1 1nod p: otherwise [ B, I{] -/- I{. We aim now to show that 
I{'= ([Yi, Yj]: Yi{/_ w(I{), Yj {/_ w(I{)). 
To this end suppose that, for some j, Yj E w(I{). Then choose b EB such that 
1n?) ¢. 1 n1.od p. For simplicity we write mi = m?), for 1 < i < s . By Corollary 
4.3 of Ormerod [12] there is an integer n such that 
[Yi,Yj] = yf 
for 1 < i < s. Note that p divides n, otherwise [Yi, Yi] -/- l. Hence, since I{ has 
nilpotency class two, 
[ ] mim · [ ]b ( n)b ( b)n ( mi )n Yi,Yi J = Yi,Yj = Yi = Yi = Yi Ci 
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= (yf )micf[ci, y;ni]n(n-1)/2 = [Yi, Yj]micf[ci, y;ni]n(n-1)/2 
whence 
[Yi, Yj]mi(m)·-1) E <I>(!{'). 
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Now [Yi, Yj] (/_ <I>(!{' ) would mean mi(mj - 1) 0 mod pleading to mj 1 mod 
p, a contradiction. Hence [Yi, y j] E <I> ( !{'). It follows that !{' is generated by the 
co1n1nutators [Yi, yj] where neither Yi nor Yj belongs to w(I{). 
Finally we are given that each b E B induces, by conjugation, a universal 
power auto1norphis1n on I{/ w( !{). That is, in particular, for so1ne integer m, 
m mP) 1110d p if Yi (/_ w(I{). It follows that, for all such pairs i,j (when 
Yi, Yj (/. w(J{)), 
[Yi, Yjt = [Yi, Yj]mimJ = [Yi, Yj]m
2 
rnod<I>(I<'). 
Hence [Yi, yj] 6 = [Yi , Yj] 1nod <I>(!{') if and only if m2 1 mod p and that is if and 
only if yf = Yi mod !{' whence if and only if yf = Yi mod !{' since (2, JbJ) = 1. 
This is a contradiction to our choice of b. Hence at least one b E B acts fixed 
point freely on J{'/<I>(I{') so [!{', B] = !{'. Thus CK,(B) = 1. Finally note that 
CK/K'(B) = 1 since !{/ !{' = [B, !{/ !{'] and using Theorem 2.1.10. Therefore 
CK(B) C CK(B) n !{' = CK,(B) = l , as required. D 
Theorem 6.1.6 Let A be a normal Sylow p-subgroup of a non-nilpotent super-
soluble group G of odd order and Wielandt length two. Let B be a complement of 
A in G so that G = BA. Then 
[B, A] n CA(B) = 1. 
Proof If A is abelian, the result is an immediate consequence of Theorem 
2.1.10 ( c). Therefore suppose that A is non-abelian. B acts as a group of univer-
sal power automorphisms on A/w(A) by Lemma 6.1.2. By Le1nma 6.1.4, either 
[B, A] C w(A) or CA(B) C w(A). First suppose that [B, A] C w(A). As w(A) is 
abelian, we have by Theorem 2.1.10 (c) that 
w(A) = [w(A), B] X Cw(A)(B). 
' 
I 
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But [B, A, B] = [B, A] and [B,w(A), B] = [B,w(A)] again by Theore1n 2.1.10. 
Now 
[B, A]= [B, A, B] C [w(A), B] C [B, A], 
so 
[B,A] = [B,w(A)]. 
As we know fro1n above that 
[B,w(A)] n Cw(A)(B) = 1, 
therefore 
[B, A] n Cw(A)(B) = l. 
But Cw(A)(B) = w(A) n CA(B). Therefore [B, A] n CA(B) = 1 (as [B, A] C w(A)), 
as required. 
Now suppose that CA(B) C w(A) so that [B, A/w(A)] = A/w(A) by Theorem 
2.1.10. Let J{ = [B, A]. If J{ is abelian then again, by Theorem 2.1.10, we have 
Cg(B) = 1, and hence 
c A ( B) n I< = 1, 
as required. 
We get the same result when I{ is non-abelian because I{ andB satisfy the 
hypothesis of Le1nma 6.1.5: here we have relied on Lemmas 6.1.3 and 6.1.4. D 
Now we use all above results to prove the following theorem. 
Theore1n 6.1. 7 Let N be the nilpotent residual of a non-nilpotent supersoluble 
group G of odd order and Wielandt length two. Then N is complemented in G. 
Proof Let A be a normal Sylow p-subgroup of G, where p is the largest 
prin:1e dividing IGI, and B be a Hall p'-subgroup of G. Then we have G = BA. 
By Theorem 2.1.10, we can write G = B(CA(B)[B,A]). By induction on the 
order of G, the nilpotent residual, H say, of B 1nust be co1nplemented in B. Let 
X be a co1nplen1ent of H so that B = X H. By Lem1na 6.1.1, v..;e know that 
N = H[B,A] <1 G. Let Y = XCA(B). Then G = NY and 
N n y = H[B, A] n XCA(B) = (H n X)([B, A] n CA(B)). 
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But by Lemma 6.1.6 we have CA(B) n [B, A]= 1. Therefore N n Y = 1. Thus we 
conclude that N is comple1nented in G. D 
6.2 More results 
In this section we give a characterisation theore1n for supersoluble groups of 
Wielandt length two and order coprime to 6. This construction is sirnilar to the 
one given in Theorem 2.2.3 for T-groups. This characterisation is detailed in 
section 3. Vve first need some results additional to the ones we proved in section 
one. 
Throughout this section we use that a p-group having nilpotency class less 
than p is regular (by Theorem 2 .1. 5). 
The following result gives a necessary and sufficient conditions for the direct 
product of an abelian group and a T-group to be a T-group. 
Le1nma 6.2.1 Let G1 be a T-group and G2 be an abelian group. Then G = 
G1 x G2 is a T-group if and only if ( 1,3 ( G1) I, I G2 I) = 1 and B1 x G2 is a Dedekind 
group (where B1 is a complement of , 3 ( G1 ) in G1 ) ensured by 13.4.4 of Robinson 
{14}). 
Proof It follows fro1n Theore1n 2.2.4 that G1 rv G(A, B 1 , B) where A= , 3(G1). 
Let B = B 1 x G2. Define cp : B ~ Paut(A) as follows: if 1r : B ---+ B 1 is the 
natural projection homomorphism then cp = e o 1r. Then, by Theorem 2.2.4 again, 
G(A, B, cp) is a T-group and, moreover, 
G(A, B, c/>) rv G(A, B 1 , B) x G2 rv G. 
Conversely suppose that G is a T-group. Then by Theorem 2.2.4, we have 
(l,3(G)I, IBI) = 1 where Bis a co1nple1nent of r3(G) in G. But l,3(G) I = l,3(G1)1 
and IBI = IB1IIG2I where B1 is a comple1nent of ,3(G1) in G1. This means that 
(l,3(G1)I, IG2I) = 1 and B1 x G2 being isomorphic to Bis Dedekind. D 
- -- - -
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The following le1nma gives conditions for an abelian p-group G1 (for a prime 
p > 3) acting as a group of power auto1norphisms on a p-group G2 of nilpotency 
class at most two, to lie in the Wielandt subgroup of the se1nidirect product 
G1G2. 
We use the standard notation Dr ( G2 ) to denote the subgroup of G2 generated 
by ele1nents of order pr. 
Lem1na 6.2.2 Let G1 be an abelian p-group (for p > 3) of exponent pr and G2 
be a p-group of nilpotency class at most two. L et e : G1 -----+ Paut( G2 ) be a 
homomorphism and put G = G1 G2 for the semidirect product of G2 by G1 under 
e. Then G1 C w( G) if and only if G1 centralises Dr ( G2). 
Proof First suppose that G1 Cw( G). As G1 is abelian, we have 
G' = G;[G2, G1]. 
Also since G1 C Paut( G2), Theorem 2.2.2 gives the following: 
[G2,G1] C Z(G2) 
and hence G' C Z(G2) (since a; is also contained in Z(G2)). But by Theorem 
2.1.16, we have 
G1 C w(G) C Z2 (G) 
and we know fro1n 5.1.11(3) of Robinson [14] that Z2 (G) commutes with G'. 
Therefore G' centralises G1 and hence G' C Z ( G) and so G has nil potency class 
at 1nost tvvo. 
Since G1 is abelian of exponent pr , it is generated by elements of order pr . So 
it is sufficient to show that ele1nents of order pr of G1 centralise Dr ( G2 ). Let g1 be 
an ele1nent of G1 such that lg1 I = pr and let g2 E Dr ( G2 ). Note that the exponent 
of Dr ( G2) di vi des pr , as G2 is regular. Now put g = g1g2. For x E G1, there exists 
an integer m such that gx = gm and so (g1g2) x = gig~ = (g1g2)m. But as G is a 
regular p-group, G1 acts as a group of universal power automorphisms on G by 
Theore1n 2.2.3. So we have gf = g'!f:. But using Theorem 2.1.14, vve have 
m ( )m m m[ ]-m(m-1)/2 g1g2 = g1g2 = gl g2 g2 , g1 · 
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As G1 n G2 = 1, we have 
g~-1 = [g2,g1Jm(m-1)/2 = 1. 
This rneans that m 1 mod jg1 I and therefore m 1 1nod jg2 j ( as jg2 j divides 
jg1j). Thus we conclude that g; = g2 and so G1 acts trivially on Dr(G2). 
Conversely suppose that G1 centralises Dr ( G2). For any g E G, there exist 
g1 E G1 and g2 E G2 such that g = g1g2. Let x E G1. By hypothesis if g2 E Dr ( G2), 
then gx = g. Suppose that g2 does not belong to Dr( G2) and let jg2 j = p8 for 
s - r s - r 
s > r. But g~ is an element of G2 such that jg~ I = pr and hence belongs 
s - r s - r 
to Dr(G2). This means that (g~ )x = g~ . But as G2 is a regular p-group, 
G1 acts as a group of universal power automorphisms on G2 by Theorem 2.2.3. 
Therefore there exists a positive integer m such that g; = gf for all g3 E G2 and 
so (g~s - , )x = g;:Ps-r = gf-r. Therefore gf-r(m-l) = 1 and hence ( 111- l )ps- r = tps 
for some positive integer t. This means m - 1 = tpr and so m = 1 + tpr. Hence 
x _ xx _ x _ mrn 
g - glg2 - g1g2 - gl g2 · 
We claim that g"{"gf = (g1g2)m . By Theorem 2.1.14, we have 
g~g1; = (g1g2)mc2(r;)c3(7)y 
where c2 and c3 are products of commutators with entries g1 and g2 of weight two 
and three respectively, and y E 14 ( G). But since g~-l = 1, we immediately see 
fro1n Theore1n 2.1.6 that 
C2(7;)C3(7) = 1 
asp> 5. This means that g"{"gf = (g1g2)my and hence (g14(G))x = gm14(G). 
Thus 
G1 ,4( G)/,4( G) Cw( G /,4( G)). 
Since G / 14 ( G) has a factorisation satisfying the hypothesis of the theorem we 
have, from the first paragraph of the 'only if' part of this theorem proved above, 
that G / 14 ( G) has nilpotency class two . In other words 
13( G) C ,4( G) 
and since G is nilpotent, 1Ne immediately see that 13 ( G) 
nilpotency class at most two . This proves our claim that 
x m m ( )m m g = gl g2 = g1g2 = g 
1 and hence G has 
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and thus 
G1 C w(G). 
D 
We explicitly record one of the features of the proof. 
Corollary 6.2.3 Let G1 be an abelian p-g,oup of exponent pr and G2 be a p-
g,oup of nilpotency class at most two on which G1 acts as a g,oup of powe, 
automorphisms. If G1 cent,alises Dr ( G 2 )) then the semidi,ect p,oduct of G2 by 
G1 has nilpotency class at most two. D 
6.3 A structure theorem 
Y!Ve now have enough infonnation in hand to construct all finite supersoluble 
groups of Wielandt length tvvo and order coprime to six. 
To begin we introduce a definition which abstracts the properties elucidated 
in Theore1n 6.1.6 and in Lem1nas 6.1.3, 3.3.4 and 6.2.2. In this section all groups 
will have order copri1ne to six. 
Definition 6.3.1 We say that a p -g,oup A has a special factorisation YoNo if 
the fallowing p,ope,ties hold. 
1) N 0 is of nilpotency class at most two and Yo E W 2 ;" 
2) No <1 A) lVo n Yo = l and A= YoNo )· 
3) Conjugation by the elements of Yo induces powe, automo,phisms on No;" 
4) If Yo is non-abelian) then 
a) A' C Yr · - O; 
b) and if Yo has nilpotency class 3 then the exponent of N 0 is at most pe(Yo) . 
5) If Yo is abelian then 
[Yo,Dr(No)] = 1 
whe,e pr is the exponent of Yo. 
ill! 
I 
I 
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Here Dr(No) == \Y: yPr == l}. 
Le1nma 6.3.2 a) Let A be a p-group having a special factorisation. Then A E 
W2. 
b) If p is the largest prime dividing the order of a supersoluble W2-group G 
and if Ao is a normal Sylow p-subgroup of G) and Bo a Hall p' -subgroup of G) 
then No == [ Bo, Ao] and Yo == C Ao ( Bo) afford a special factorisation of Ao. 
Proof a) If Yo is abelian, then by (5) of the definition, and Corollary 6.2.3, 
A has nilpotency class at 1nost two and so A E W 2 . Therefore suppose that Yo 
is non-abelian. Then A' C Yo. This means that N0 is abelian and [ N0 , Y0 ] ~ 1. It 
follows from Corollary 3.3.5 and ( 4) of the definition that A E W2. 
b) By Theorem 6.1.6 we know that Ao== Yo No with N0 <1 Ao and Non Yo== 1. 
Hence, by (a), Yo E W 2 since Yo rv A0 /N0 . From Le1nma 6.1.4 either No C w(Ao) 
or Y0 C w(A0 ). In the first case 
[No, Yo] C N0 n Yo == 1, 
so Ao == N0 x Y0 . Since also N~ == 1, we have A~ == N~Y~[No, Yo] == Y~ C Ya. In 
particular Y~ -/- 1 ensures A~ C Yo. What is 1nore, if Y0 has nilpotency class three 
then we conclude from Corollary 3.3.5 that the exponent of N0 divides p e(Yo) so 
that ( 4) holds. Clearly in the case when Y~ -/- 1, (3) is satisfied too. 
Finally if Y0 C w(Ao) then Lemma 6.2.2 ensures that (5) holds, and also that 
( 3) is satisfied in this case. D 
Definition 6.3.3 G == B0 A0 is a matched extension of Ao by Bo if) for some 
prime p: 
1) Ao is a normal p-subgroup having special factorisation Y0 N0 with 
No == [Ao , Bo] 
and 
Yo== CAo (Bo); 
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2) B0 is a supersoluble p' -group in W 2 ; 
3) Bo/CB
0
(No) is abelian of exponent dividing p - l; 
4) if Yo is abelian then the elements of B 0 induce) by conjugation) power 
automorphisms in N0 / N0 n w(Ao);-
5) (j,3(Bo/w(Bo))j, IB0/CB0 (Ao)I) == l. 
Lem1na 6.3.4 If G == B 0 A 0 is a matched extension) then G is a supersoluble 
W2-group. 
Proof The aim of the proof is to calculate w( G) and to show that G /w( G) is 
a T-group. First of all we have, fro1n Theorem 4.1.5, that 
w( G) == Pow(Ao) 
where P0 is the subgroup of w(Bo) inducing power automorphisms in A0 , by 
conjugation. 
Note that 
Cw(Bo)(Ao) C Po. 
Also 
Cw(Bo)(Ao) == CBo(Ao) n w(Bo). 
Now B0 /w(B0 ) is a T-group, by hypothesis, and B0 /CB 0 (Ao) is abelian by (3) 
of the definition of a matched extension. It follows from (5) of the definition of 
1natched extension, and Lemma 6.2.1, that 
Bo/w(Bo) X Bo/CB0 (Ao) 
is a T-group. Hence, by Theorem 2.2.5, Cw(Bo)(Ao) is a T-group. It then follows 
that B0 / Po is a T-group since Bo/ P0 is isomorphic to a homo1norphic image of 
Bo/ Cw(Bo) ( Ao). 
If Ao is abelian, then w( G) == P0 A0 and so G /w( G) rv Bo/ Po and therefore 
GE W2. 
Now suppose that Ao is non-abelian. In this case 
Po== Cw(Bo)(Ao) , 
Jn, 
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by Theorem 5.3.2 of Cooper [6]. There are two cases to consider: either Y~ -=I- 1 
or Y~ = 1. 
In the first case it follows from property ( 4) of the definition of special f ac-
torisation, that N0 C w(A0 ). Hence 
G /w( G) rv Yo/Yon w(Ao) x Bo/ Po, 
a direct product of T-groups of relatively coprime orders, so G / w( G) is also a 
T-group, using Theorem 4.1.5, for example. 
In the second case, when Y0 is abelian, we have from property (5) of the 
definition of special factorisation, and Lemma 6.2.2, that Y0 C w(A0 ). Hence 
A0w( G)/w( G) rv Ao/w(Ao) rv No/ Non w(Ao), 
an abelian p-group. However 
G/w(G) = (B0w(G)/w(G))(A0w(G)/w(G), 
and B0w( G) / w( G) rv B0 / Po is a T-group of p'-order acting by conjugation on 
A0w( G)/w( G) as power automorphisms: property ( 4) of matched extension. Hence 
again by Theorem 4.1.5, G /w( G) is a T-group. 
This co1npletes the proof that G E W 2 . To see that G is supersoluble, use 
Theore1n 2.3.6. D 
We now generalise the concept of a matched extension. Suppose we have a 
group G = Y N where N <1 G, N n Y = 1 and where N, Y are both nilpotent. 
Moreover suppose that p1, p2 , ..• , Pr > 5 are the primes in decreasing order which 
divide IGI. We write Ni, Yi respectively for the Sylow Pi-subgroups of N, Y where 
1 < i < r. The group G will be called a generalised matched extension of N by 
Y according to the following inductive definition. When r = 1, G = Yi E W2 and 
N 1 = 1 ( so that G is a p-group with a special factorisation). 
Suppose r > 1 and that B 1 = (Y2 Y3 ... Yr )(N2N3 ... Nr) is a generalised 
matched extension. Then G is a generalised matched extension of N by Y if 
it is a 1natched extension of N1 Y1 by B 1 . 
The last lemma now enables us to prove the following theore1n. 
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Theorem 6.3.5 Every generalised matched extension of nilpotent groups whose 
orders are coprime to 6 is a supersoluble group in W 2 . 
Proof We use induction on the nu1nber r of primes dividing the order of the 
generalised matched extension G. If r == l then, in the notation of the definition 
above, G is a p1-group in W 2 , so we are done. 
Suppose r > l and a generalised matched extension involving at most r - l 
pri1nes is a supersoluble Wrgroup. Then if G is a generalised 1natched extension 
involving r primes we may write 
G== B1A1 
where B1 is a generalised matched extension involving the r - l primes 
P2, p3, · · · , Pr , 
where A1 is a p1-group, and where the extension B1A1 is 1natched. By induction 
B1 is supersoluble p~ -group in W 2 . Hence by Lem1na 6.3.4, G is a supersoluble 
W 2-group. This completes the induction. D 
Conversely we show that generalised 1natched extensions give rise to all su-
persoluble W 2-groups. 
Theorern 6.3.6 Let G be a supersoluble W 2 -group of order coprime to 6. Then 
G has an expression as a generalised matched extension. 
Proof \Ve use induction on the number r of pri1nes dividing \G\. If G is a 
p1-group then, with Y1 == G and JV1 == 1 we see that G is a generalised matched 
extension. 
Suppose r > l and that supersoluble Wrgroups with fewer than r pnme 
divisors of their orders are generalised 1natched extensions. 
If p1 is the largest prime dividing \G\ let A1 be the normal Sylow p1-subgroup 
of G and let B1 be a Hallp~-subgroup of G, so that G == B1A1. Write N1 == [B1, A1] 
and Y1 == CA 1 (B1). By induction B1 has an expression as a generalised matched 
extension. 
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By Lemma 6.3.2 (b) A1 == Y1N1 is a special factorisation of A1 and B1 is a 
supersoluble p~-group, so (1),(2) of the definition of matched extension hold. We 
need to verify that the remaining axioms ( 3 )-( 5) of matched extension hold for 
G == B1A1. 
First of all (3) holds because, by Theorem 2.3.6, N1 B1 is supersoluble. 
To prove ( 4) we observe first that if A1 is abelian, then ( 4) is automatically 
satisfied as 
N1 n w(A1) == N1 n A1 == N1 
and so N1/ N1 n w(A1 ) is trivial. So suppose that Y1 is abelian but A1 is non-
abelian. Then Yi C w( A1 ) is immediate from Lemma 6.1.4 if N1 is non-abelian; 
and if N1 is abelian and N1 C w( A1) then [ N1, Yi] C N1 n Y1 == 1, so A1 is abelian, 
a contradiction. Hence, in this case, Yi C w( Ai). Therefore 
A1w(G)/w(G) rv A1/w(G) n A1 rv A1/w(A1) rv N1/N1 n w(A1). 
Next observe that w(G) == P1w(A1) where P1 is the subgroup of w(B1) induc-
ing power automorphisms on A1. Since A1 is non-abelian, P1 == Cw(Bi) (A1) by 
Theorem 5.3.2 of Cooper [6]. Hence, since G/w(G) is a T-group and 
G /w( G) == (A1w( G)/w( G) )(B1w( G) /w( G) ), 
it follows that B1 acts as a group of povver automorphisms on N1/ N1 n w(A1 ), as 
required to confirm ( 4). 
Finally to prove (5) note that 
Cw(Bi)(A1) == CB1 (Ai) n w(B1), 
so the T-group B1 / P1 == B1/Cw(Bi)(A1) is a semidirect product of B1/w(B1) and 
B1/CB 1 (A1). The latter group is abelian by Lemma 2.3.4 (b). Then (5) follows 
fro1n the following lemma. D 
Lem1na 6.3. 7 If H is a T-g,oup and M 1 ) M2 a,e no,mal subg,oups of H Jo, 
which lvf 1 n /\If 2 == 1 and H / M 2 is abelian) then 
(\H/M2\, \,3(H/M1)\) == 1. 
1:: 
Ii 
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P roof Firstly , 3 (H) C JYI2 and therefore lvI1 n 13(H) = l. Hence 
, 3(H/J11I1) = 13(H)M1/M1 rv 13(H) 
whereas H / li!J1 is isomorphic to a factor group of H / 13 ( H). The result follows 
since 
(l,3(H) I, IH /,3(H) I) = 1 
by Theorem 2.2.4. D 
With this Lemma we have concluded our characterisation of supersoluble W 2-
groups of order coprime to 6: Theorems 6.3.5 and 6.3.6 show that they are pre-
cisely the groups with a generalised 1natched extension. 
Chapter 7 
A sketch for further research 
The ai1n of this short chapter is to indicate, with several exa1nples, how the main 
result of this thesis, namely that contained in Theorems 6.3.5 and 6.3.6 might be 
extended, and the li1nits to this extension. 
We show in Theore1n 6.1. 7 that a supersoluble W 2-group of odd order splits 
over its nilpotent residual. The expression of such a group, at least in the case 
considered, namely when the order is coprime to six, as a generalised matched 
extension, is integrally bound up with this splitting. 
The following exa1nple shows that for supersoluble W 2-groups in general the 
nilpotent residual is not complen1ented. Therefore we can not expect a charac-
terisation of all supersoluble W 2-groups in quite the sa1ne form. 
Exa1nple 7.1 Let X be non-abelian group of order 27 and exponent 3 and let Y 
be a cyclic group of order 9. Then we 1nay present their direct product as 
A== XX Y == (a,x,y,uia3 == x3 == y3 == u9 == 1,xa == 
x, ya== yx, xY == x, [a , u] == [x, u] == [y , u] == 1). 
Now let B == ( b) be cyclic of order two. We 1nay define an action of B on X x Y 
as follows: 
b -1 b -1 b b a ==a ,Y ==y ,x ==x,u ==u. 
This may be confinned by using Van Dyck's Theorem. 
Let H == BA be the se1nidirect product of A by Busing this action. Note that 
N == (xu3 ) C Z(H). 
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Then G = H / N has a presentation 
G = (a, b, y, u: a3 = y3 = u9 = [a, u] = [y, u] = [b, u] = 1, 
ya= yu-3,ab = a-1,Yb = y-1). 
Then the subgroup X 0 of G defined by X 0 = (a, y) is the nilpotent residual GAf 
of G. This is because G / X 0 rv C2 x C3 so GAf C X 0 ; and on the other hand 
X 0 = [Xo, b] so X 0 C rn( G) for all n > l, so X 0 C GAf. However X 0 is not 
co1nplemented in G. If it were there would be an element t of order 3 in G with 
t ~ X 0 . However t would belong to X 0 (u), the nonnal Sylow 3-subgroup of G, 
so t = vw where v E X 0 and w E (u). Then 1 = t3 = v
3
w
3 = w 3 whence 
w = u3 E X 0 or w = u-3 E X 0 , so t E X 0 , a contradiction. That is GAf is not 
complemented. 
Finally we observe that G is supersoluble, using Theorem 2.3.6, for example; 
and GE W 2 . This follows because (u) C Z(G) and G/(u) is a T-group , using 
Theorem 2.2 .4, for example. Hence G/(u) is a T-group. But (u) C w(G), so 
G/w(G) is a T-group and therefore GE W 2 . 
On a more positive note we 1nay observe that soluble groups of odd order and 
Wielandt length two do split in a way which 1night be advantageous. 
Lemma 7.2 Let A be the supersoluble residual of a finite soluble group G having 
Wielandt length at most two. If G has odd order) then A has a complement B in 
G so that G = BA. 
Proof Since G has Wielandt length at most two , therefore G /w( G) is a T-
group and hence supersoluble. Also by Theorem 2.2.10 w(G)/ F(w(G)) lies in the 
centre of G/ F(w(G)). Thus we conclude that G/ F(w(G) is a supersoluble group. 
But, by the definition of A, it is the s1nallest normal subgroup of G such that 
G / A is supersoluble, therefore A C F( w( G)). Also since G is odd, A is abelian. 
Now by Theorem 2.1.4, A has a complement B in G so that G = BA. D 
This result may mean that a theore1n analogous to Theore1n 6. 3. 5 is obtainable 
for soluble groups in W 2 where the order of the group in question is odd. 
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Another example showing that groups of even order are likely to have rather 
different structure is the following: it shows that for arbitrary finite soluble groups 
the supersoluble residual need not be complemented. 
E x arn ple 7. 3 Let X = G L2 ( 3) and Y = (y) be a cyclic group of order 4. Let 
a E X be defined by 
a = [ ~ ~ ] 
so that X = SL2 (3)(a). Define a subgroup Hof X x Y by 
H = SL2(3)(ay). 
Now 
b = [ -1 0 ] 
0 -1 
and y2 are both central in H, so that (by2) is normal in H. Write 
G = H/(by2 ), 
so that G is a soluble group of order 48. 
To calculate w( G) we need to know something about the subnonnal subgroups 
of G. To describe them we introduce the following notation: let 
!{ = SL2(3)(by2)/(by2). 
Then it is straight-forward to check that 
1 <1 /{(2) <l !{' <l I< <l G 
is the unique chief series of G. Hence if S sn G and S -/- G, then S C I{. However if 
S sn I{ and S-/- I{, SC I{'. Then note that I{ rv SL2(3) since SL2(3)n(by
2) == 1, 
so I{' rv Q8 , the quarternion group of order 8. Since Q8 is a T-group it follows 
that I{' normalises every subnormal subgroup of G , so I{' C w(G). Moreover 
G/I{' rv S3 , the sy1nmetric group on three ele1nents, a T-group , so G/w(G) is 
also a T-group . Therefore GE W 2 . 
Fro1n the chief series above we also see that the supersoluble residual of G is 
!{'. If I{' were co1nplemented in G then a complement would be isomorphic to S3 
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and therefore G would have an element of order 2 outside !{'. It is easy to check 
this is not so. 
That is G is an example of a finite soluble group whose supersoluble residual 
is not complemented. 
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